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A statistical thermodynamic method has been 
developed for predicting excess free energy of mixing 
for binary systems consisting of simple non-electrolyte 
molecules. It is based on the Lennard - Jones (12,6) 
potential energy function with the two characteristic force 
constants, collision diameter and energy of interaction, 
expressed as functions of the concentration of the solution. 
The method described here makes use of the density of the 
particular solution and of the pure components as the only 
experimental quantities necessary to reflect the inter­
acting distance between molecular species. The prediction 
of excess free energy was successful for mixtures of 
non-polar, spherical molecules, such as the benzene- 
cyclohexane system, but only partially successful when 
applied to systems of polar-nonspherical molecules.
London's theory of dispersion forces for the potential 
energy between two molecules was used to calculate 
collision diameters for many binary liquid systems. A 
parameter, -A. , was evaluated by the use of published data 
for the polarizabilities and ionization potentials of 
the pure components and by use of an averaged critical
xi
temperature for binary systems whose components consist 
of small spherical molecules. This value of -fl_ was 
then used to calculate binary collision diameters for 
a number of binary systems consisting of various functional 
chemical groups. The results showed favorable correlation 
when the cube of the collision diameter was plotted as a 
function of the characteristic critical volume.
An investigation of vapor-liquid equilibrium was 
made of benzene-ketone systems. Experimental data for 
the vapor-liquid equilibrium compositions and equilibrium 
temperatures at atmospheric pressure were collected over 
the entire composition range for the binary systems: 
benzene - methylisopropyl ketone, benzene - methylisobutyl 
ketone, and benzene - methyl-normal-propyl ketone. A 
recirculating type still designed by Coates and Orr (25) 
of stainless steel construction was used for obtaining 
the data. Data for benzene-acetone and benzene-methyl 
ethyl ketone was also included for comparison.
Deviations of these solutions from ideality were 
reported as activity coefficients and as excess free 
energies of mixing. All the systems showed non-ideal 
behavior. The degree of non-ideality for the binary 
benzene-ketone systems decreased uniformly as the 
molecular weight of the ketone increased.
xii
INTRODUCTION
Most industrial petroleum and chemical processes 
involve separations in which the products of interest are 
separated from the undesirable components. The wide 
utilization of distillation and similar contacting equip­
ment in these chemical processes depends directly or 
indirectly on the phase equilibria in the mixtures. 
Consequently the properties of vapor mixtures and liquid 
solutions which determine the phase equilibria are of 
special importance. These include the vapor-phase 
imperfections; the liquid-phase activity coefficients; 
and the excess heat, entropy, and free energy of mixing.
For ideal systems the phase equilibrium data can 
be readily calculated from the properties of the pure 
components. The simple example of such a method is a 
common Raoult's law prediction using the vapor pressures 
and assuming that the behavior upon mixing is ideal. In 
the case of non-ideal solutions there is at present no 
way to predict quantitatively the deviations from ideality 
in the absence of experimental data and, moreover, a 
completely satisfactory and generalized correlation for 
data under various conditions has not been postulated 
yet.
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A great deal of investigation in the field of 
thermodynamics of liquid solutions has been undertaken in 
connection with vapor-liquid equilibrium phenomena. One 
area of interest has been to determine whether the 
experimental data, vapor and liquid compositions, and vapor 
pressures of the pure components, are thermodynamically 
consistent. This has been accomplished by determining 
whether or not the variables follow the Gibbs - Duhem 
relationship, which expresses the necessary conditions for 
phase equilibria. Integrated forms of the Gibbs - Duhem 
equation have been developed by many investigators for 
correlating data.
Another area of interest has been to actually predict 
the vapor-liquid equilibria from a limited amount of easily 
obtained experimental data. An example is the calculation 
of these data from experimental determinations of vapor 
pressures of pure components, and the boiling temperatures 
of mixtures at constant pressure.
The more ambitious attempt to predict complete 
equilibria is from the properties of the pure components. 
The method described herein is a combination of the latter 
two areas of interest. It is a prediction method in that 
it is based on theoretical considerations of how the
xiv
molecules behave in mixtures and an experimental method, 
in that the density of the mixtures is the only experimental 
property needed.
This work is also concerned with the study of vapor- 
liquid equilibrium for binary solutions comprised of 
benzene-ketone systems. Data have been obtained at atmos­
pheric pressure over the entire composition range for each 
system studied. A thermodynamic analysis of the data was 
undertaken and deviations from non-ideality were expressed 
quantitatively as activity coefficients.
This study is a part of a continuing research program 
on vapor-liquid equilibrium at these laboratories and 
contributes toward a better understanding of the thermody­
namics of solutions and of the liquid state.
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CHAPTER I 
PROPERTIES OF SOLUTIONS AND 
INTERMOLECULAR FORCES
The concept of the ideal solution offers advantages 
similar to those furnished by the concept of the ideal 
gas. Many cases of practical interest are treated ade­
quately by means of the ideal gas approximations, and even 
systems deviating largely from ideality are conveniently 
referred to the norm of behavior by the ideal case. It 
would be most helpful to find some similar concept to act 
as a guide in the theory of solutions, and fortunately 
this is the case in many similar molecular situations. 
Because they are very much more condensed than gases, liquid 
or solid solutions cannot be expected to behave ideally in 
the sense of obeying an equation of state such as the ideal 
gas law. Ideality in a gas implies a complete absence of 
cohesive forces or the internal pressure, ( = O
Ideality in a solution is defined by complete uniformity 
of cohesive forces. If there are two components A and B, 
the forces between A and A, B and B, and A and B are all 
the same. This implies that the volume change and heat 
of mixing are zero. A rigorous thermodynamic definition of 
an ideal solution will be given in the following chapter.
For conditions of low pressure and low temperatures ideal 
solutions follow Raoult's law and Raoult's law will suffice 
for the present illustrative purpose. In terms of the 
vapor pressure, a most significant physical property in 
the study of vapor-liquid equilibrium, Raoult's law may be 
written as:
pi = T f  (i)
where p = partial pressure of vapor of 
t component
X.t = mole fraction of component in 
0 the liquid solution 
T? = vapor pressure of pure component 
at conditions of the solution
It follows, therefore, that in an ideal solution 
which follow Raoult's law, the partial pressure of each 
component is proportional to its mole fraction in the given 
solution at all concentrations. Vapor-liquid equilibrium 
is thus readily calculated for ideal solutions from the 
properties of the pure components.
Just as there is no ideal gas, the properties of the 
ideal solution are not possessed by any actual solution.
The ideal solution is approached by organic isomers and 
solutions of isotapes and closely approximated by solutions 
comprised of similar compounds such as benzene and toluene. 
However, the concept proves useful as a standard to which 
the behavior of real solutions can be related. Experimental
evidence has shown ideal solutions to be rare with most 
solutions being non-ideal, and exhibiting deviations of 
various magnitudes from Raoult's law. These deviations 
may be either positive, giving a greater partial pressure 
than calculated by Raoult's law or negative, with a lower 
partial pressure than calculated by Raoult's law. Positive 
deviations may be great enough to lead to minimum-boiling 
azeotropes, while negative deviations tend to give maximum- 
boiling azeotropes. The likelihood of azeotrope formation 
is dependent on the difference in boiling points of the 
pure components; the closer the boiling points the less 
the magnitude of the deviations necessary for the azeotrope 
formation. The magnitude of the positive deviations mayu,
become large enough to cause immiscibility of the two 
components and the formation of two liquid phases. Nega­
tive deviations are indicative of high solubility and 
possibly chemical combination of the two components.
An insight into the cause of the deviations from ideal 
behavior may be gained by considering the various types 
of intermolecular forces in the pure liquids and solutions. 
It is convenient, also, to divide intermolecular forces 
into two types: short-range forces and long-range forces 
The short-range forces are frequently called
valence forces or chemical forces and arise when the
molecules come close enough together for their electron
clouds to overlap. These forces are repulsive in nature
and often highly directional. The long-range forces, on
the other hand, may be treated in a fairly rigorous manner.
Furthermore, it is easy to give formulae for various types
of interaction which are applicable to a variety of types
of molecules. The four principle interaction forces are:
131. Orientation effect (dipole-dipole interaction) 
The interaction energy between two permanent 
dipoles, 1 and 2, depends upon their relative orientation, 
expressed by the equation:
7. cos © x cos © z —  s\r\ 0, s m  ©a. cos (, 4>» “
where = attractive energy due to orientation
= dipole moment 
©  i = polar coordinate angles
* = distance between dipoles
In the most favorable orientation, parallel to the line
joining the dipole centers, equation (2) reduces to
- -  2 ^
but thermal agitation interferes with this orientation, 
and the attraction would disappear at sufficiently high
(orY.) = —
temperatures. At intermediate temperatures, the attractive
19orientations are statistically preferred, and Keesom 
applying Boltzmann statistics, derived the expression 
for the average potential energy,
deductions from experiment. It is evident, however, 
that no more than a part of the attraction between 
molecules is to be accounted for by dipole interactions 
because there is attraction between molecules without 
permanent dipoles, and also because the attraction between 
polar molecules does not fall off so rapidly with 
temperature as this formulation would require.
2. Induction effect
to take into account the induction effect. A permanent 
dipole induces a dipole in another molecule and a mutual 
attraction results. This interaction depends on the 
polarizability oC of the molecules, and leads to a
9 o r t . )  ~ ~
Z M * M l  
3 r< - K T
The observed r-^ dependence of the interaction energy, 
or r"^ dependence of the forces, is in agreement with
Debye,^ in 1920, extended the dipole theory
formula, zz*b Me,
rb
This effect is quite small and does not help us to account 
for the interaction between molecules which have no 
permanent dipoles, as in the case of the inert gases.
3. Dispersion effect
In 1930, F. London  ̂ presented, by an 
application of quantum mechanics, the foundations of a 
satisfactory theory of the interaction between nonpolar 
molecules. He considered a neutral molecule, such as 
argon, in which the positive nucleus is surrounded by a 
cloud of negative charge. Although the time average of 
this charge distribution is spherically symmetrical, at 
any instant the distribution will be somewhat distorted.
If one were to take an instantaneous photograph of a 
molecule at any time, one would find various configurations 
of nuclei and electrons, showing in general dipole moments. 
An instant later the orientation would be different, and 
so on, so that over any macroscopic period of time the 
instantaneous dipole moments would average to zero. These 
very quickly varying dipoles, represented by the zero- 
point motion of a molecule, produce an electric field
and act upon the polarizability of the other molecule and 
produce there induced dipoles, which are in interaction 
with the instantaneous dipoles producing them. The 
polarizing field, traveling with the speed of light, does
7
not take long to traverse the short distances between 
molecules.
Applying this concept, London arrived at the formula 
. , 3 • Wlfo.lL
~ ~ T  ' hTfe, + h V M  <6)
where ifo refers to the frequency characteristic of a 
molecule in its unperturbed state, corresponding to its 
’’zero-point energy” and V\ is Planck's constant. Values 
of Kifo can be calculated for substances for which the 
refractive index has been measured over a range of 
wavelengths. Also, lm/0 is very nearly equal to the 
ionization energy, I, so that equation (6) can be written 
as
^  (7>
Notable features of this effect are that it is approximately 
additive and not temperature dependent. Another is the 
short range character of the potential.
4. Repulsive force
At very close distances a repulsive potential, the
8
overlap energy, becomes appreciable. This has been compated
for atomic hydrogen by Heitler and London It is
possible to represent this potential approximately by the
$
following formula:
= o e (8)
where a and c are constants. It has been more customary
to represent the repulsive potential by a high inverse
23power law, first suggested by Mie:
vfcrep.) - —   - (9)
usually with n = 12. This has the advantage of mathematical 
convenience since its form is the same as that for 
attraction. By combining equations (7) and (9) , the
simplest and most widely used potential is the so-called 
Lennard-Jones (12,6) potential
^ 0 0  = — ^  (10)
with n = 12. This potential is shown in Figure 1 and
may be written in the more easily visualized form
S V )  = 4 * C f ) “ - ( t )
(i d
where ^  is the potential energy of a pair of molecules,













6 is the maximum depth of the potential, <T" is the 
collision diameter, or distance at which *?(*■) is zero, 
and r* is the equilibrium separation of a pair of molecules. 
The potential has spherical symmetry and can represent well 
many of the properties of the inert gases. The choice of 
6 needs no justification; the choice of 12 appears to be 
as good as any in the range 10 - 14, and 12 has the trivial 
but welcome advantage of being twice 6. This potential is 
suitable for the inert gases and for simple non-polar 
molecules. The potential energy ^tr) of a molecular pair 
passes through a minimum at which ( -1 O
This condition may be used to define the distance r* and 
a minimum negative energy £ .
CHAPTER II
THERMODYNAMIC FUNCTIONS AND QUANTITATIVE 
MEASURES OF NON - IDEALITY
In vapor-liquid equilibria experiments, the 
compositions of vapor and liquid in equilibrium are 
determined at known temperatures and pressures. Expression 
of the deviations of solutions from ideality and the 
correlation of vapor-liquid equilibria data can be 
accurately done through the use of thermodynamically 
defined quantities. In this manner, it is possible to test 
the data for thermodynamic consistency and possibly 
minimize the experimental effort needed to arrive at definite 
conclusions. It is the purpose of this chapter to present 
thermodynamic functions and relations useful in analyzing 
vapor-liquid equilibrium data.
An important concept in the application of the 
thermodynamics of solutions is that of the "fugacity" of 
a component of the solution. The fugacity of a component 
in solution is a quantitative measure of the escaping 
tendency of that component from the solution. If the 
fugacity of a component in a system is higher in one phase 
than in another the component will tend to escape from the
11
12
phase of higher fugacity until equal fugacities are 
established in each phase. The fugacity of a component in 
solution is partially defined by considering the following
The partial molal free energy is the change in free 
energy of the solution upon transfer of one mole of the 
component indicated at constant composition, temperature, 
and pressure and has the same value in every phase of a 
system at equilibrium. Thus it follows by equation (1) 
that for two phases in equilibrium the fugacity is the 
same in each.
Another thermodynamic property related to the fugacity 
and hence also to the free energy is the activity, 
designated by "a." The activity of a component in 
solution is defined as the ratio of the fugacity of the 
component in solution to' the fugacity of that component 




where fjL = fugacity of component i at temperature T 
Gl = partial molal free energy of component 
i at temperature T
13
a = (Vr)T (2)
where f = fugacity in solution
f° = fugacity in standard state at the same
temperature
Combination of the integrated form of equation (1) 
and equation (2 ) yields the relation between the activity 
and the partial molal free energy.
§  - G °  = R T  \ w a  (3)
where G  = partial molal free energy in the given 
_ state at temperature T
G  = partial molal free energy in the standard 
state at the same temperature T.
For vapor-liquid equilibria work, a convenient 
standard state for each component in the liquid phase is 
the pure liquid at the pressure and temperature of the 
solution; and, similarly the standard state for each 
component in the vapor phase is the pure vapor at the 
temperature and pressure of the solution. Thus the 
activities of the pure components are unity and the activity 
of the component in the solution is a measure of the 
deviation from ideality. Actually this is a variable 
standard state since in the case of constant pressure 
vapor-liquid equilibrium, the temperature of the solution 
varies with composition, or when isothermal the pressure
14
varies with composition.
In order to relate the activity to composition the 
activity coefficient, Y  > in terms of mole fraction is 
defined as follows:
v  =  = L L m .  (4)
N  N
where a. = activity of the component in solution
bJ = mole fraction of the component in solution
Thus, for component i in the liquid solution:
Cv O l = = (5)
Xi
where X L  = mole fraction of component i in the liquid.
And for component i in the vapor solution:
( v O v  = = (6)
where Yi = mole fraction of component i in the vapor.
Combining the above definitions we may now relate 
vapor and liquid compositions at equilibrium to thermodynamic 
quantities. Dividing equation (5) by (6 ) there results:
( vU l _ Vi. CfpL COv (7)
Cn)v “ x i  (A)v ( f r k
However, from the discussion of fugacity at 
equilibrium the fugacities in the vapor and liquid phases 
are equal and ( ^ O v  - (^’O u  * ^ us equation (7)
15
reduces to:
( V Q l
(.YOv
(8)
This is a thermodynamically exact expression relating 
compositions at equilibrium. The activity coefficients 
are well suited for correlating deviations from ideality 
since they vary less with temperature and composition 
than the activities. Generally the activity coefficient 
for the vapor phase, (V'i.)v , is taken as unity. This 
assumption which is equivalent to assuming the vapors form 
an ideal solution' is well justified at all conditions 
except near the critical point of the solution and in the 
infrequent case of association in the vapor phase.
An explanation is in order regarding evaluation of 
the fugacities in the standard state. Evaluation of the 
vapor fugacity is accomplished by its relation to pressure. 
Employing the thermodynamic function relating the change 
of fugacity with pressure at constant temperature Hougen 
and Watson*-̂  give the following expression relating the 





where TT = total pressure
£ = fugacity of pure gas at temperature T
z. = compressibility factor
- irV4 T for one mole of pure gas
Utilizing equation (9) and the definition of the
fugacity coefficient, the fugacities corresponding to the
standard states may be expressed as:
where (f°)v = fugacity of the component in its standard
The subscripts on the fugacity coefficients denote the 
pressure to be used in calculating the reduced pressure.
Combining equations (10) * (11) and (8 ) gives the 
readily applicable relationship for calculating activity 
coefficients from vapor-liquid equilibrium compositions, 
the total pressure and properties of the pure components 
using the generalized fugacity coefficient charts. A 
similar expression exists for every other component.
(10)
( H l  = Vp P e
Vvn (TT - P) 
R T (11)
state as a gas (pure vapor)
(f°)\_ = fugacity of the component in its standard 




At low pressures, where the fugacity coefficients 
are unity and 6  approaches unity andl
assuming the vapors to be an ideal solution, equation (1 2 ) 
simplifies to:
< 1 3 >
Under pressures near atmospheric, equation (13) closely
approximates equation (1 2 ), but for high pressure conditions
equation (1 2 ) should be employed.
An ideal solution results when the activity coefficient
22of each component is unity. Lewis and Randall have
proposed the following rigorous thermodynamic definition 
of an ideal solution:
f  = N f °  (14)
where 'P = fugacity of the component in thd ideal
solution
N  = mole fraction of the component in the 
ideal solution 
f = fugacity which the pure component has 
at the conditions of the solution
This is the Lewis and Randall fugacity rule which
states that for ideal solutions the fugacity of each
component is proportional to its mole fraction at all
concentrations and all temperatures and pressures. It
can be shown thermodynamically that for the preparation
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of an ideal solution from its pure components at constant 
temperature and pressure:
(1 ) the volume of the solution is the sum of the 
volumes of the pure components
(2 ) the enthalpy of the solution is the sum of the 
enthalpies of the pure components
38In regard to the converse of this rule Van Ness 
has shown that for solutions exhibiting negligible volume 
changes of mixing at all concentrations, even over a wide 
range of temperatures, the Lewis - Randall rule may not 
be valid and the heat of mixing not zero. In order to 
test the ideality of a solution by volume and heat effects, 
both the volume change of mixing and the heat of mixing 
should be measured at various concentrations and tempera­
tures.
A thermodynamic relationship useful in testing 
vapor-liquid equilibria data for consistency is the Gibbs- 
Duhem equation. The Gibbs - Duhem equation is a rigorous 
thermodynamic expression of the necessary conditions for 
phase equilibrium of a closed system at constant 
temperature and pressure. It was first derived by J,
Q
Willard Gibbs in 1875 and later, independently by
P. Duhem in 1886. The well known Gibbs - Duhem
equation is given below as:
r\( (J G v -v 'Oj, ^  • • • — O
The Gibbs - Duhem equation may further be written in 
the following form:
It is desirable in using this expression to check 
thermodynamic consistency of vapor-liquid equilibrium 
data to express the Gibbs - Duhem equation in terms of 
activity coefficients since they vary less with change 
in composition than activities. Dividing equation (16) 
by the total moles to convert to a mole fraction basis 
and remembering that Y :  a/x , x x + x 2 + . . = 1.0',
and dxt + dxg + .... = 0 . 0  equation (17) may be derived.
ai d In Y| + Yj d In Yi + ••• = O  (17)
Regarding the mole fraction of component one as the main 
variable equation (17) may be rewritten as:
n, d  \rv a, v  riidlnai +  ••• = O  (16)
6 In Y i 
6 x»
This form of the equation for binary systems is 
particularly useful as it relates the change of the
logarithm of one activity coefficient with composition 
to the change of the logarithm of the other with 
composition. If one activity coefficient is known as a 
function of composition the other activity coefficient 
thermodynamically consistent with the first one may be 
calculated by integration of the equation.
The Gibbs - Duhem relation is strictly applicable 
only at conditions of constant temperature and pressure 
in which case the composition cannot vary and the system 
remain in equilibrium. However, the errors involved in 
the use of this equation over small temperature and 
moderate pressure ranges are usually slight.
Ibl and Dodge ̂  have derived relationships valid 
for conditions of constant temperature and varying 
pressure and also conditions of constant pressure and 
varying temperature. Their results for binary systems 
are summarized as follows:
d lr> Vt = d ̂  Vz + A V m  d TT / T cons*aot 
d In Xi d \n d (19)
Vl - d U y z  _ A d_T fjr COA. W )  
d In X* d \n R T l dxv (20)
where A V m  = volume change of mixing per mole of
solution
21
A H m  = Integral heat of mixing per mole of 
solution
The thermodynamic quantity, "excess free energy," 
may be used in the derivation of relations expressing the 
logarithm of the activity coefficient as a function of 
composition. Excess free energy has been defined by
OOScatchard . It is the "free energy" change which
occurs upon mixing over and above that change in "free 
energy" which would occur if an ideal solution were formed. 
Hence, like the activity coefficient, it is a quantitative 
measure of non-ideality.
The free energy change which occurs upon mixing the 
pure components, AGm , is given by the following equation:
A G m  = £  vu  G i  - £ n x G i °  (21)
where £  rv*. G* = G, the total free energy of the
solution at pressure TT and 
temperature T 
£  Gt° = total free energy of the pure 
components at pressure TT and 
temperature T
Utilizing equation (3) the following equation results 
for the solution:
A G m  = -V- R T  InYi (22)
The first term on the right hand side of equation (22) 
is the free energy of mixing of an ideal solution and
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the second term is designated as the excess free energy.
For an ideal solution all the component activity 
coefficients are unity and the excess free energy is 
obviously zero. In the case of binary solutions the 
excess free energy approaches zero at infinite dilution 
in accordance with the fact that dilute solutions approach 
ideal behavior. This is ideal behavior considering the 
solution as a whole and occurs because the quantity and 
properties of the solvent predominate. The solute 
usually shows its greatest deviations from ideality as 
it becomes infinitely dilute and its activity coefficient 
approaches a limiting value which is usually a maximum 
value.
Differentiation of the excess free energy with 
respect to composition gives relations between the excess 
free energy and the activity coefficients that have 
proved useful in the correlation of vapor-liquid 
equilibria data. Partial differentiation of equation (23) 
with respect to component one gives:
G E = R T  2 ln (23)
(24)
By utilization of the Gibbs - Duhem relation valid at 
conditions of constant temperature and pressure equation 
(24) simplifies to the following relation between partial 
molal excess free energy and the activity coefficient:
G vE = R T  In Vi (25)
Dividing equation (23) by the total moles gives the 
excess free energy per mole of solution.
= R T  y  X i  InYi = R T  ( ** InV'i +  Ya +•••) 
(26)
Partial differentiation of the equation with respect to
the mole fraction of component one and application of
the Gibbs - Duhem relation results in:
( ^ T )  _  ^  =  R T  ( In Vi +  InVz ■+-
' 6 * 1'ir> >
loVs +  . . . V
b*\ •
(27)
For the case of a binary solution equation(27) reduces to
(4 t) = RT *n̂ ) <28>\ 0*1 'TT, T.Xi , • • • A '
The excess free energy is related to the excess
enthalpy of mixing and the excess entropy of mixing by
the following thermodynamic relation:
G e = R e - T S e (29)
where G c = excess free energy of mixing; the free 
energy change which occurs upon mixing 
in excess of that change which would 
occur if an ideal solution were formed, 
H E = excess enthalpy of mixing; the enthalpy
change which occurs upon mixing in excess 
of that change which would occur if an 
ideal solution were formed,
= excess entropy of mixing; the entropy 
change which occurs upon mixing in excess 
of that change which would occur if an 
ideal solution were formed.
Since the change of enthalpy upon mixing an ideal 
solution is zero it follows that the excess enthalpy of 
mixing is equal to the heat of mixing.
Thermodynamic considerations show that the excess 
entropy of mixing is related to the excess free energy 
of mixing by:
Equation (31) suggests a means of obtaining the 
excess entropy of mixing from vapor-liquid equilibrium 
data obtained at various temperatures and constant 
pressure and composition. In turn the heat of mixing can 
be obtained by use of equation (2 S) and thus this basic 
thermodynamic quantity is derivable from vapor-liquid 
equilibrium data taken over a range of temperatures and 
pressures.
H E = A (30)
(31)
CHAPTER III
REVIEW OF THE LITERATURE
In recent years important advances have been made 
in the molecular theory of solutions. It is now possible 
to understand the thermodynamic properties of important 
classes of mixtures in terms of the properties of the 
pure components.
The molecular theory of solutions was given a 
brilliant start by the fundamental work of Van der Waals. 
Van der Waals applied his well-known eqjation of state 
to pure components as well as to mixtures. In the latter 
case, the characteristic quantities "a" and "b" in his 
equation of state are supposed to be composition dependent 
averages. A mixture is treated then exactly in the same 
way as a pure component. Deviations from the laws of 
perfect solutions appear as a consequence of differences 
in "cohesion" or in "covolume" due, in turn, to differences 
in the interactions of the different pairs of molecules 
present in the system. On the basis of these assumptions 
Van der Waals built a detailed and consistent theory of
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multicomponent systems which even now we cannot but 
admire.
Increasing experimental evidence showed that the 
liquid state has many features (large number of first 
neighbors, local order, etc.) in common with crystals. 
Around 1925 - 1930 several attempts were made to base 
the theory of liquid solutions on a"lattice model"
(10) . It is based on the idea that the change on
mixing of all relevant thermodynamic properties may be 
expressed in terms of the lattice partition function. 
Although the success of this model was in the study of 
polymer solutions, the qualitative predictions of the 
lattice model are in striking disagreement with the 
experimental data. One of the main predictions of the 
model is that for molecules of similar sise, the excess 
free energy should be nearly equal to the excess enthalpy, 
or heat of mixing.
A decisive step toward the understanding of the
liquid state was made in 1937 by Lennard - Jones and 
91Devonshire using a free volume theory (or cell
model). Lennard - Jones and Devonshire were the first 
to use this model to express the thermodynamic properties 
in terms of intermolecular forces. It is understood 
that this model overestimates the local order in liquids,
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but it does give a consistent picture of the main factors
which determine the thermodynamic properties of liquids.
29An extension of this model by Prigogine was
successful in predicting the relations between
intermolecular forces and excess functions.
29Prigogine devotes in his book a great deal to
mixtures of molecules of about the same size which as 
pure components obey the classical or the quantum theorem 
of corresponding states. The interaction between molecules 
is represented by a two - parameter law with spherical 
symmetry. In this case, deviations from laws of perfect 
solutions are due to differences in depths of interaction, 
the sizes of molecules and their masses. The relation 
between the different thermodynamic excess functions is 
very complex and depends critically on the assumptions 
about the differences in the depths of interaction and 
the molecular sizes. The extreme sensitivity of the 
excess functions shows that important information about 
differences in intermolecular forces may be obtained 
from the study of mixtures.
Valuable experimental data and advances in theory 
with the entropy of mixing molecules of different shapes 
and sizes, stimulated by the study of solutions of high 
polymers, lead Hildebrand ^  for the first time to
combine the energy and entropy to yield the free energy 
of mixing. Even though his method may be called somewhat 
empirical, it was successful in correlating the properties 
of the solution.
Barker*- used a quasi-crystalline approach in 
predicting excess free energy (and excess chemical 
potentials), entropy and heats of mixing for solutions 
of strongly associated substances, such as alcohols, in 
relatively non-polar solvents such as chloroform and 
benzene. Although the prediction of entropy and heat of 
mixing was not completely successful, the prediction of 
excess chemical potential was quite reliable.
Rose-*-* extended Barker's mathematical relations 
to a physical model describing the relative positions 
and interactions of the individual molecules in a mixture. 
This work was done using various alcohol-ester binary 
systems. Whereas Barker attributed very little energy 
to the hydrogen bond between alcohol and chloroform,
Rose attributed a relatively large energy to the alcohol- 
ester hydrogen bond. The prediction was very successful 
within the homologous series used, but only partially 
successful when applied to a different type of 
alcohol-ester mixture. Although the method is theoretical,
29
its use depends on energy values which must be obtained 
by fitting the model to actual vapor-liquid equilibrium 
data.
Prausnitz^? has correlated volumetric data on gas 
mixtures and vapor-phase data for gas-liquid equilibria 
within the framework of the theory of corresponding states.
An expression based on the London potential for dispersion
forces was used to compute characteristic temperatures
for various binary systems, and a correlation was
developed relating these temperatures to the polarizabilities,
ionization potentials, and critical volumes of the pure
components. The correlation shows how the molecular
shape of a liquid affects its vapor phase solubility.
CHAPTER IV 
PREDICTION OF EXCESS FREE ENERGY USING 
THE LENNARD - JONES POTENTIAL
A. Quasi-lattice Crystalline Liquid Model
Of the three states of matter, gases, liquids, and 
crystalline solids, the liquid state has so far defied 
theoretical treatment and is still the most imperfectly 
understood.
Gases, at high temperatures and low densities, are 
characterized by complete randomness on the molecular 
scale. Only occasionally is a molecule close enough to 
another for intermolecular forces to be significant.
Thus in an ideal gas, the molecules move independently 
of one another and interactions between them are neglected. 
The energy of the ideal gas is the sum of the energies 
of the individual molecules, their internal energies 
plus their translational energies; there is no 
intermolecular potential energy.^
The ideal crystalline solid on the other hand, consists 
of a regular arrangement of molecules in some kind of 
crystal lattice. The translational kinetic energy of
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the molecules is usually negligible. The molecules 
cannot easily move throughout the solid, but are 
constrained to vibrate like harmonic oscillators around 
their equilibrium positions in the lattice. They are 
held in these equilibrium positions by strong 
intermolecular, interatomic, or interionic forces.
But in a liquid the molecular situation is much 
more difficult to define. The liquid lies far from 
either a perfect lattice of harmonic oscillators or a 
perfect gas. The cohesive forces are sufficiently 
strong to lead to a condensed state, but not strong 
enough to prevent translational energy of the individual 
molecules. The thermal motions introduce a disorder 
into the liquid without completely destroying the 
regularity of the structure. Nevertheless, the 
distribution of molecules is far from uniform; a large 
degree of short-range (five or six molecular diameters) 
order does exist as agreed upon by many authors. This 
is a reasonable viewpoint, since close to the melting 
point the density of the crystal and liquid are very 
similar.
It is the purpose of this chapter to extend this 
degree of short-range order throughout the entire liquid 
and propose a liquid model that will facilitate
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mathematical as well as experimental convenience in
t
predicting the excess free energy. The mathematical 
equations are themselves based on a physical model 
describing the interactions of the individual molecules 
in a mixture.
In representing the physical model, each of the 
molecules immediately adjacent to one another in a 
mixture are considered as occupying a definite site on 
a well defined lattice. This lattice will be called 
an "ideal lattice" in that initially, each molecule is 
placed in a special lattice site by some hypothetical 
means, so that when all the sites are occupied there 
will be no intermolecular interactions. In other words, 
there is an imaginary barrier around each molecule to 
prevent any molecular interaction. At this point the 
heats of mixing are zero and the volumes are additive.
When the lattice is completely filled, this imaginary 
barrier will be removed and the molecules allowed to 
interact among themselves.
B. Development of Prediction Method To Calculate 
Excess Free Energy
To further develop the physical model for the 
binary system, the molecules are assumed to be located 
on a lattice of Na + sites (N = the number of molecules)
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which has a coordination number of z . The coordination 
number, z , represents the average number of nearest 
neighbors surrounding a given molecule. For segregated 
components, there are 1/2 z Na nearest-neighbor 
interactions of molecules of component "a" and 1/2 z. 
interactions of component "b". Random mixing yields a 
probability equal to the mole fraction, x_ = NQ/(N + N.),a a d 0
that any site contains a molecule of "a" and probability 
x^ for a molecule "b." The probabilities of nearest- 
neighbor interactions of type a - a, a - b, and b - b are 
therefore xaa, 2 x a x^, and x^ 2 respectively, where the 
factor two arises because we are counting both a - b and 
b - a interactions.
The interaction energy is € aa when two "a"
*
molecules are adjacent and similarly £  a |3 for an a - b 
pair and £  for two "b" molecules. Then the energy
is 1/2 zN ( £ a a x a 2 + 2 £ ab 3hxb + € b b x b2)* In 
absence of other information one usually takes ^
^  cxb - £ b b ^ * (1 )
Similarly, one can say that the average parameter 
*, the collision diameter, will be a function of 
composition also, according to Xax 5«a XaXbSI»b +• Xb1 Cbb 
where again one makes use of the mixing rule ̂
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<Cb = («;« +• «"wb) (2 )
We can introduce the average force parameters 
£ * and c *  to be then:
€ *■ = i  Z N (x,1 6.,, +  XaXb + Xb* £bV>) (3) 
<s* = ( x . * « u  +  X a X b ^ b  +  x b* v wt) W
For a particular system, £i. and SI are constant 
when only two molecules are interacting. ^  Thus,
the Lennard - Jones (12,6) potential may be used to 
describe the interaction between such molecules as 
indicated in Chapter I, Part 4. However, when more than 
two different molecules are concerned and
become functions of composition^ (equations (3) and (4)) 
and the Lennard - Jones potential may be rewritten in 
the form
where now ^(r) is the potential energy per mole of 
solution.
The interacting distance, r ab' can evaluated 
by considering the molecules to be spherical in shape. 
A property which is easily determinable experimentally
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and that can be used to reflect this distance Is the 
density of the pure components. If we let C\aa an<* Ck bb 
be the radii of molecules "a” and "b", respectively, 
then from their densities
a «« = ( ! ■ " •  ?«■' N - ‘) 5  (6 )
a *  * ( i - ir Pt" n -')3 <7>
where P = density
M  = molecular weight 
N = Avogadro's number
In order to simulate the "ideal lattice," the 
quantity, > is used to define the "ideal interaction
distance" as
= 2 a t°b (8)
where alb = CUa +- x k £>* (9)
and Xo = mole fractions of "a" and "b"
respectively in solution
The ideal radial distance, , is assumed to be
distributed in a weighted average type linear function
as a preliminary relationship. The actual interaction
distance will be called and will be similarly
calculated from the density of a particular known
solution as
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= 2 <a«b d°>
where a ob = ^  M ob N _') 3
QDefining V̂ftb as in equation (8 ) now makes it possible 
to evaluate from equation (5) to be the potential
associated with the molecules of the'Ideal lattice." 
Similarly, can be evaluated at , which in
turn is either known or determined easily by experiment. 
The difference
= ifU - l b  (1 2 )
represents the deviation of a solution from ideality
and is equal to G E , the excess free energy, realizing 
the above assumptions and the assumptions of the Lennard - 
Jones potential.
To justify the relationship between G E and A^* 
one needs to consider from first thermodynamic principles 
the following fundamental equations. For a liquid system 
where mechanical, gravitational, kinetic energy, etc. 
are all zero it follows from the first law of 
thermodynamics that
A U  = - w e - w f (13)
where A U  = change in internal energy
W e = work of expansion only (pAv)
■Wf & work other than expansion 
<3 = amount of heat transferred across 
a boundary
Substituting for q and wg their equivalents, equation (13) 
becomes
AU « TAS - pAV - w f (14)
where T - absolute temperature 
p = pressure 
AS = change in entropy 
AV = change in volume
or rearranging equation (14)
AU + pAV - TAS = -wf (15)
and making use of the indentities
AH = AU + pAV (16)
where AH = change in enthalpy 
and AG = AH - TAS (17)
equation (15) reduces to
AG = -Wf (18)
at constant temperature and pressure. This also 
represents the total availability or maximum work that 
could be obtained when all irreversibilities are zero. 
Furthermore, from Chapter II, equations (22) and (23)
AGm = cideal + GE (19)
which means that G represents the change in free energy 
accompanied by mixing the two components over and above
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the reference ideal state. More specifically, it represents 
the maximum work done (constant T and P) in either 
attraction or repulsion between the dissimilar molecules.
In other words, GE, by definition, involves the work of 
interaction between molecules within the isolated liquid 
system.
Although the physical model incorporates an "ideal 
lattice" with initial heat and volume of mixing being 
zero, Guggenheim ̂  points out that such solutions
do not necessarily have an ideal entropy of mixing.
The term "athermal" is applied to all solutions for 
which the heat of mixing and change in volume are zero.
In mathematical terms
AH* = 0 (20)
AVm = 0 (21)
and therefore, AGm = - TASm (22)
where ASm = entropy of mixing,
ASm is derived for this case in the following manner by 
Hildebrand. ^
It may be recalled that the change in entropy in 
expanding a gas is a function of the change in free volume:
AS = S - S = Rln ( V * / v * ) (23)
2 X '
fwhere V*. = the free volume of component i.
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Reasoning by analogy, one may regard the mixing process as 
equivalent to the sum of two expansions, one for each 
component. The free volume available to component one,
£for example, is initially only its own free volume N 1V 1 > 
but after mixing, the free volume of component two,
NaVa^ is also available. Hence;
A 5 M = - R N, In --- *|l-V|f— f +  N z  In  NtVt-f
N, Vi + N i V\f +
(24)
28Prigogine suggests that
v /  = i t T N ( d - D )3 (25)
3
where d = distance between molecules 
D = diameter of the molecule
In terms of already established nomenclature, d = 2a^ and
D = G- . Also, Raoult's law entropy of mixing is
calculated from
AS™ = -R J^Xalnxx + x 2 lnx2J (26)
and when equation (26) is substracted from equation (24)
one gets the excess entropy of mixing, S®*. The term,
A ^ c , will be the correction term defined by
A $ c = -TSe (27)
and that will be added to to account for the effect
of introducing the molecules upon the "ideal lattice."
CHAPTER V 
PREDICTION OF COLLISION DIAMETERS 
FOR SIMPLE BINARY NON - ELECTROLYTE 
LIQUID SYSTEMS
According to the London theory of dispersion forces
15 , one can express the potential energy between two 
molecules 1 and 2 as already indicated in Chapter I,
Part 3 by
'Q . (*••) = - 2-   (l)
ak ^ r°£ (Xa + Iw)
London's formula can be rewritten in terms of a 
dimensionless distance as
f (2)
Equating equations (1) and (2) yields
ab fT.b) = - (3)v ’ *  C r „  +  x k)
London's formula is valid only for monatomic molecules. 
However by a suitable choice of parameters the London 
theory has been applied successfully to the calculation
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of thermodynamic and transport properties of a variety
15of polyatomic substances.
From the theory of the principle of corresponding 
states^ , the characteristic energy, £ aa is shown to 
be related to the critical temperature as
^  T 1 (^)Tc<
where Tc* = critical temperature of component a 
k = Boltzmann's constant
or .c\<x = k' Tc- (4)
Similarly, rv, T b or -1^- = T Cb (5)k k
where k ' and k" are proportionality factors.
If equation (4) and (5) are multiplied together one gets
g > V - = k ' W ' T c T c b  = k'" T l . T e w
Jl
_ _ _    ork l
Since the ionization potentials of most molecules are of 
the same order of magnitude, the interaction between a 
pair of unlike molecules is related to the interactions 
between like molecules in the following manner: ^
= C
Substituting equation (6 ) into (7) gives
£«b = k £i ( T c a T t ) *  (8 )
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1/2where -Q. now is used in place of ( W"') • Further
substitution of equation (8 ) into equation (3) results in
"3 a b "̂ b  ̂ ^
~ T  <5kwe (r«+Xw) (Tc«,Tcuyfc k
which, of course, involves the evaluation of the 
characteristic distance of interaction, <Tab*
For small spherical molecules the characteristic 
distance of interaction can be related to the characteristic 
distances of the pure components by
«V»> -  ±  ( 5"aa + s u )  (10)
In addition,for pure components consisting of spherical
molecules the characteristic interaction distance
can be related to the critical volume by the empirical
re la t ion   3
0.7  5  Vecw = |  IT N <S”«« ( 11)
Equation (ll)becomes increasingly poor as the molecule 
becomes more asymmetric.
The constant SI in equation (9) can be evaluated 
by the use of published data for the polarizabilities 
and ionization potentials of the pure components and 
by use of the critical properties for binary systems 
whose components consist of small spherical molecules.
In this calculation the collision diameter G*ab can be 
computed by equations (1 0 ) and (1 1 ) which are appropriate
for small, spherical (or nearly spherical) molecules
such as nitrogen, methane, hydrogen, and carbon monoxide.
When a value of SI is established by averaging it over
a large number of binary systems, binary collision
diameters can be calculated by use of the same equation
(9) for such binary mixtures as benzene in cyclohexane,
carbon tetrachloride, carbon dissulfide, etc. The
established value of _fl can be also used to calculate
£ ab as indicated in equation (8 ) . The results of
these calculations are shown in Chapter VII, Part B,
where the cube of the collision diameter is plotted as
a function of the critical volume. The method of
correlation described here uses simple mixing rules
for the characteristic energies, collision diameters,




Vapor-liquid equilibrium data were collected for 
benzene-methyl-iso-propyIketone, benzene-methy1 -iso- 
butylketone, and benzene-methyl normal propylketone 
binary systems. Previous investigators (31), (40), (37) 
at these laboratories have collected data for the benzene- 
normal alcohol systems, benzene-n-primary amines and 
benzene-n-alkyl benzene systems. Vapor-liquid equilibrium 
compositions and equilibrium temperatures were determined 
for each system over the entire composition range at 
atmospheric pressure. From these data activity coefficients 
and the excess free energies of mixing were calculated.
These systems were studied to further investigate 
the behavior of another functional group, the carbonyl 
group, and to give an insight into the behavior of 
non-ideal systems comprised of members of a homologous
series. These systems were also compared to the benzene-
3 2acetone and benzene-methyl ethyl ketone
systems. It was desired to determine the effect of
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molecular size and structure on deviations from ideality 
expressed as excess free energy. An ultimate goal of 
vapor-liquid research is to be able to calculate or 
estimate activity coefficients or excess free energy for 
non-ideal solutions from contributional effects 
determined from the characteristics of each pure 
component. A calculation method was devised from the 
standpoint of molecular structure and the intermolecular 
forces involved to predict the excess free energies 
for these systems.
Experimental Methods
1. Preparation of Reagents
The reagents used were benzene, methyl-iso-propyl- 
ketone, methyl-iso-butylketone, and methyl normal- 
propylketone. The benzene was a product of Mallinckrodt 
Chemical Works and of analytical reagent grade. 
Methyl-iso-butylketone was a product of the General 
Chemical Division of the Allied Chemical Company and 
of analytical reagent grade also. Methyl-iso-propyl- 
ketone and methyl-normal propylketone products of the 
Eastman Kodak Company and of reagent grade quality.
All the reagents were purified by distillation in a 
thirty plate Oldershaw column. A high reflux ratio of 
2 0 to 1 was used giving an overhead product of high purity.
The operational procedure was to charge the pot of 
the column with the reagent and begin distillation 
while checking the purity of the overhead product 
continually by measuring the refractive index. The 
overhead product was only retained when a constant 
refractive index checking closely with that of the 
literature values was obtained. This resulted in 
discarding about the first and last ten per cent of the 
material originally charged into the still. The 
product collected was then redistilled, and the first 
and last portion discarded as before. The change in 
refractive index upon the second distillation was very 
slight, and the portion collected had a boiling range 
of less than 0.1°C as indicated by a 0.1°C division 
distillation thermometer. The change in refractive 
index upon the second distillation was so slight that 
only two distillations were used for all reagents.
The reagents were protected from atmospheric 
moisture by venting the distillation column through a 
drying tube packed with "Drierite. 11 The densities of 
the purified reagents, as determined with a pyknometer, 




The apparatus used in obtaining the present data
was a versatile vapor-liquid still of the recirculation
25type designed by Jesse Coates and Virgil Orr 
The equilibrium still is illustrated in Figure 4.
The condensed vapor receiver is a bronze centrifugal 
pump with an explosion proof motor (Eastern Centrifugal 
Pump Co.). A relatively large bypass line permits 
continuous circulation and agitation of the condensed 
heterogenus vapor while the desired quantity is 
withdrawn and fed to the total vaporizer through a 
1/4-inch stainless steel needle valve.
The vaporizer is constructed of 3/8-inch standard 
stainless steel pipe and fittings with a section of 
2 0 -gage 3 /8 -inch stainless steel tubing forming a 
concentric cylinder inside, thus forcing the incoming 
liquid downward around the hot wall where it is vaporized. 
The vapor rises through the center of the tubing; the 
Nichrome spiral picks up superheat from the vapor and 
transfers it back to the cold entering liquid through 
the tubing wall. The heat is supplied by resistance 
ribbon externally wound, through which AC current 
controlled by a Variac and AC ammeter is passed. As 
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measured by a thermopile before passing through the 
adiabatic jacket feature, to enter the liquid chamber 
by bubbling in through the short 1/4-inch stainless 
steel tube.
As the vapor bubbles through the liquid there is 
material transfer until the liquid and vapor compositions 
have come to equilibrium. The temperature of the 
equilibrium vapor leaving the liquid is measured by 
the upper thermopile in the thoroughly insulated neck 
before passing to the condenser section. Both upper 
and lower thermopiles are specially calibrated copper- 
constantan couples connected by a double-pole, double 
throw switch to common leads which are connected to a 
Leeds and Northrup Type K potentiometer capable of 
determining voltages to 0.00001 volt. Both cold 
junctions were immersed in a melting ice bath as a 
reference point.
The condensed vapor passes back to the condensed 
vapor receiver. The sight glass is provided to observe 
the operation of the still. A condenser at the vent 
prevents vapor losses from the still.
The still is constructed of standard stainless 
steel pipe size, number 304 stainless pipe and fittings, 
stainless steel tubing and ferruled fittings, and a
section of 5/8-inch boiler gage glass with special 
machined tapered-teflon seals at both ends.
Assembly of the stainless steel equilibrium 
chamber is possible by flanges machined to the outer 
jacket and machined smooth to form a pressure and leak- 
tight joint with a 16 gage pure 24 carat gold wire 
forming an extremely high pressure, temperature and 
solvent resisting gasket. These flanges are joined 
by eight 3/8-inch cap screws. The inner stainless 
equilibrium chamber is easily inserted by screwing into 
the cap at the top of the vapor jacket. The upper 
stainless thermowell is easily removed for charging or 
sampling. All threaded pipe joints are sealed with 
Chemtrol teflon dri-seal No. 5 pipe thread lubricant 
and seal.
The condensed vapor and liquid equilibrium samples 
were analyzed for composition with a Bausch and Lomb 
model 33-45-01 precision refractometer. With this 
instrument the refractive index could be read to the 
nearest 0 , 0 0 0 1  and estimated to the nearest 0 .0 0 0 0 1 .
This instrument was equipped with a constant temperature 
water bath and water circulating system. The temperature, 
as indicated by a calorimetric thermometer, was kept 
within t 0.1°C.
The coolant was water maintained around 10°C. by 
a refrigerating type constant temperature bath made by 
the Remcor Products Co. of Chicago, Illinois. The 
water was pumped by a centrifugal pump (Eastern Pump 
Co., Hamden Conn., Model A, Type 100) giving constant 
flow and regulation of the flow was by a 1 /2 -inch 
brass globe valve on the line to the condenser.
3. Experimental Procedure
Since analysis of the vapor and liquid equilibrium 
samples was done by refractive index measurements, it 
was necessary to determine the relationship between 
refractive index and composition for each of the binary 
systems studied. Approximately twenty solutions of 
known composition covering the entire composition range 
for each system were made up by weighing on an 
analytical balance and the refractive index of each 
solution determined with the refractometer. The solutions 
were prepared by pipetting a volumetrically measured 
quantity into a 250 ml erlenmeyer flask and then 
accurately weighing on the balance. The refractive 
index of each solution was taken as the arithmetic 
average of five refractometer readings. The refractometer 
was standardized with a glass test blank of known 
refractive index. Tables and plots of the refractive
index as a function of composition for each system 
are given in the Appendix.
To set the still in operation for runs at atmospheric 
pressure, enough of the mixture was charged to the 
condensed vapor receiver (about 70 ml) to bring the 
level into the sight glass with the needle valve 
closed and the pump running. Similarly a suitable 
sample (about 30 ml) was charged to the equilibrium 
cell by removing the upper thermowell. Current was 
then applied to the vaporizer until it became sufficiently 
hot to vaporize any feed from the condensed vapor 
receiver. The coolant flow was started to the condenser 
section and the needle valve opened one-quarter to 
one-half turn and subsequently adjusted to hold the 
level in the vapor receiver approximately constant.
The temperatures above and below the equilibrium 
cell were checked and the current to the heater was 
regulated so that the temperature of the upper thermopile 
was never higher than the lower thermopile within the 
accuracy limits of the thermocouples used, but all 
material entering was still completely vaporized as 
indicated by a constant level in the condensed vapor 
receiver. When equilibrium was reached, as indicated 
by constant receiver level and temperatures, the
temperatures were read and the samples were withdrawn 
for analysis. The samples were kept in small (25 ml) 
capped bottles and analyzed for composition with the 
precision refractometer as soon as they cooled. Four 
determinations were made for each sample, the prisms 
being dried of all liquid before each determination.
A capillary dropper was used to place the liquid on 
the prisms and prevent evaporation. The arithmetic 
average of the four readings was taken and the scale 
reading converted to the refractive index, r|“<“ , by
use of the conversion tables supplied with the instrument.
A typical determination required approximately 
four hours of continuous operation to obtain equilibrium. 
The potentiometer reading was observed every ten minutes 
as the system approached equilibrium; the potentiometer 
was standardized by means of a standard cell before each 
reading. When a constant temperature was reached, the 
still was operated for an additional one-half hour to 
insure equilibrium.
C. Conversion of Experimental Data To Quantitative 
Measures of Non-Ideality
The basic experimental data collected were the 
refractive indices of the vapor and liquid equilibrium 
samples and the e.m.f.'s generated by the thermocouples
corresponding to the equilibrium temperatures at 
atmospheric pressure. It was necessary to convert these 
quantities into their respective values of composition 
expressed as mole fractions and equilibrium temperatures.
The e.m.f. readings can be readily converted to 
the corresponding temperatures, since the assumption 
that the e.m.f. is a linear function of the temperature 
is well justified over the relatively small temperature 
ranges for each system. Six compounds, whose boiling 
points are known very accurately, were used to calibrate 
the thermocouples in a Washburn ebulliometer at 760 mm Hg. 
The thermocouple calibration curve with data is included 
in the Appendix.
Accurate conversion of the refractometer readings 
to the corresponding compositions expressed as mole 
fractions is more difficult as the relationship between 
these two quantities is not linear. The relationship 
between refractive index and composition was accurately 
determined by measuring the refractive indices of 
solutions of known concentration as described in the 
section on experimental procedure. Conversion of the 
refractive indices of the vapor and liquid equilibrium 
samples to the corresponding mole fractions can thus be 
done graphically or analytically.
Interpolation on a graph was difficult if the 
mole fractions were to be expressed with more than three 
significant figures. Therefore, refractive index 
versus composition was mathematically expressed in a 
power series with use of the IBM 1620 computer and the 
experimentally determined calibration tables. Usually 
a fourth to a sixth degree polynominal was sufficient to 
express these two quantities within experimental error 
as determined by the calibration data. Newton's 
forward interpolation formula for non-equidistant points 
was also programmed on the IBM 1620 computer as a check 
on the polynominal calculations. Agreement between the 
two methods was very good. The IBM programs and 
interpolation procedure are described in the Appendix.
The activity coefficients were calculated using 
equation(H-13) which is rewritten here:
y A  = -£.T.. (u-13)
Xi a
The vapor pressure of the pure component at the 
equilibrium temperature was calculated employing an 
appropriate expression relating the vapor pressure and 
temperature, such as an Antoine type equation. The 
equations relating vapor pressure and temperature were
taken from the literature for the compounds studied.18
All the equations relating vapor pressure and temperature 
are given in the Appendix, Atmospheric pressure was 
measured with a mercury barometer which could be read 
to the nearest 0,01 inch Hg or 0,3 mm Hg, Temperature 
and latitude corrections were then added to the total 
pressure.
The Q function, an expression containing the excess 
free energy of mixing, was calculated from the activity 
coefficients by use of equation(II-26). This equation 
as applicable to binary solutions is rewritten here:
As the equilibrium temperature is known, the excess 
free energy is readily obtained from this function.
D. Experimental Results
The vapor-liquid equilibrium compositions, the 
equilibrium temperatures, the activity coefficients, 
and Q functions were tabulated for each of the systems 
investigated. These results are presented in Tables 
I through V . Results obtained for benzene-acetone 
and benzene-methyl-ethylketone systems are also 
tabulated for comparison.
Q x, log V, +• X* \og Yi (11-26)2.303 RT
59
Plots of vapor versus liquid composition, temperature 
versus composition, logarithm of the activity coefficient 
versus composition, and the "Q" function versus 
composition were made for each of the systems investigated 
in this work. These plots appear as Figures 5 through 21.
E. Statistical Analysis of Data with Confidence Limits
To test the performance of the still, the miscible 
system ethyl alcohol-water was chosen as representative 
of many investigations available in the literature.
The test was performed to determine the following three
factors:
(1 ) precision obtainable from the existing equipment
(2 ) confidence limits of the data obtained
(3 ) whether the equipment was capable of detecting 
fluctuations in atmospheric pressure
Vapor-liquid equilibrium data for the ethyl 
alcohol-water system was determined over the entire 
composition range at atmospheric pressure in the same 
manner as the benzene-ketone systems. Equilibrium data 
was also obtained at one low concentration range and one 
high concentration range at one standard atmosphere of 
760 mm Hg. The pressure of one standard atmosphere 
was maintained on the equilibrium still by a cartesian- 










0.000 0.000 80.1 -- 1.000 — --
0.020 0.063 79.5 1.525 0.973 -0.0081 -13.011
0.050 0.140 78.3 1.406 0.956 -0.0111 -17.920
0.100 0.243 76.4 1.294 0.943 -0.0117 -18.878
0.200 0.400 72.8 1.180 0.946 -0.0048 - 7.722
0.300 0.512 69.6 1.125 0.974 0.0071 11.296
0.400 0.594 66.7 1.074 1.041 0.0228 35.689
0.500 0.665 64.3 1.040 1.118 0.3029 50.790
0.600 0.730 62.4 1.013 1.203 0.3546 54.477
0.700 0.795 60.7 1.000 1.293 0.3353 51.228
0.800 0.863 59.6 0.986 1.347 0.0210 31.751
0.900 0.932 58.8 0.972 1.376 0.0028 4.113
1.000 1.000 56.1 1.000 _ _ — — — — __
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0.000 0.000 80.2 — — — 1.000 __ __
0.0060 0.0070 80.2 1.161 0.995 -0.0018 - 3.065
0.012 0.015 80.2 1.244 0.993 -0.0021 - 3.245
0.037 0.049 79.85 1.333 0.994 -0.0021 3.379
0.065 0.079 79.65 1.231 0.998 0.0048 7.895
0.088 0.106 79.45 1.228 0.999 0.0074 11.973
0.112 0.131 79.25 1.199 1.003 0.0101 16.430
0.131 0.151 79.15 1.186 1.004 0.0115 18.636
0.157 0.177 79.05 1.164 1.007 0.0129 20.966
0.202 0.222 78.8 1.144 1.014 0.0166 26.602
0.274 0.290 78.45 1.114 1.028 0.0216 34.688
0.326 0.338 78.55 1.088 1.029 0.0203 32.762
0.416 0.419 78.35 1.064 1.049 0.0233 37.442
0.463 0.462 78.35 1.054 1.056 0.0233 37.502
0.511 0.507 78.33 1.048 1.064 0.0237 37.970
0.550 0.543 78.3 1.044 1.073 0.0240 38.624
0.606 0.595 78.33 1.037 1.085 0.0286 37.912
0.635 0.623 78.3 1.038 1.091 0.0375 38.566
0.753 0.740 78.55 1.031 1.103 0.0205 33.048
0.877 0.865 78.95 1.022 1.136 0.0150 24.119
0.943 0.937 79.25 1.019 1.133 0.0108 17.687
0.986 0.985 79.40 1.019 1.094 0.0089 14.550
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0.0000 0.0000 80.10 ----
0.0558 0.0250 80.83 0.8569
0.1189 0.0625 81.61 0.8812
0.1893 0.0961 82.79 0.9296
0.2556 0.1366 83.60 0.9768
0.3697 0.1676 89.93 0.9575
0.3976 0.1992 85.99 0.9592
0.9251 0.2961 86.56 0.9509
0.9986 0.3068 87.89 0.9599
0.5157 0.3388 88.30 0.9655
0.5793 0.3732 89.95 0.9611
0.6985 0.9365 91.20 0.9572
0.6831 0.9815 92.72 0.9928
0.7332 0.5326 93.98 0.9666
0.7760 0.5953 95.13 0.9729
0.8229 0.6592 96.35 0.9799
0.8793 0.7206 97.61 0.9895
0.8822 0.8008 98.31 0.9876
0.9212 0.8979 99.76 1.0019
0.9989 0.9193 100.90 1.0077
1.0000 1.0000 103.30 1.000
3ropyl Ketone-^ System
% Q Ge TTmm Hg
1.0000 0.0000 0.0000 760.0
1.0119 0.0006 0.9118 759.2
1.0235 0.0023 3.7107 759.2
1.0980 0.0095 15.993 767.0
1.0393 0.0101 16.929 763.0
1.0560 0.0107 17.586 763.2
1.0585 0.0089 13.775 757.9
1.0691 0.0075 12.268 756.9
1.0796 0.0079 12.210 757.9
1.0919 0.0105 17.928 758.9
1.1026 0.0081 13.997 769.2
1.1195 0.0060 9.9325 769.7
1.1609 0.0027 9.5960 768.6
1.1979 0.0052 8.7717 768.7
1.1902 0.0038 *6.9339 766.9
1.1925 0.0018 3.0021 765.7
1.1328 0.0022 3.7615 766.6
1.1292 0.0019 3.2385 766.9
1.0776 0.0032 5.9982 768.1
1.0167 0.0035 6.0299 769.1
---- 0.0000 0.0000 760.0
100
0 0.2 0.0 0.8 1.0
x, MOT,;-; FRACTION KETONF,
TEMPERA'W!RK - COMPOSITION’ CURVE FOR 
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X1 Y1 T°C if % Q g e ITmm Hg
0.0000 0.0000 80.10 ____ 1.0000 0.0000 0.0000 760.0
0.04-18 0.0306 80.64 0.8236 1.0211 0.0028 4.5397 764.5
0.1009 0.0721 80.93 0.8799 1.0253 0.0042 6.8275 764.5
0.1594 0.0751 81.28 0.8688 1.0325 0.0048 7.7436 764.5
0.1976 0.14-78 81.96 0.9454 1.0396 0.0084 13.633 766.6
0.2424 0.1950 82.40 0.9665 1.0421 0.0098 15.967 766.6
0.3296 0.2267 83.36 0.9959 1.0436 0.0118 19.281 766.8
0.3926 0.2795 84.30 1.0093 1.0398 0.0117 19.169 765.1
o. 1+2141+ 0.3061 84.68 1.0099 1.0401 0.0115 18.846 764.6
0. 4-801 0.3652 85.63 1.0057 1.0460 0.0109 17.950 764.9
0.1+985 0.3684 84.98 1.0074 1.0370 0.0101 16.475 762.2
0.5417 0.4100 85.49 1.0039 1.0444 0.0104 17.048 763.5
0.5634 0.4405 86.48 0.9972 1.0567 0.0096 15.784 762.6
0.64-85 0.4898 87.25 0.9920 1.0765 0.0097 15.984 763.6
0.6711 0.5456 88.08 0.9946 1.0950 0.0105 17.377 764.2
0.7413 0.6169 88.63 0.9992 1.0925 0.0102 16.910 763.5
0.7666 0.6629 89.31 0.9985 1.1192 0.0102 16.852 761.6
0.8288 0.7314 89.87 0.9980 1.1556 0.0102 16.981 760.6
0.8536 0.7995 90.38 0.9987 1.1854 0.0101 16.784 761.8
0.8967 0.8457 91.41 1.0060 1.1837 0.0089 14.796 761.1
0.94-96 0.9244 92.14 1.0123 1.1571 0.0083 13.955 761.1
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VAPOR-LIQUID EQUILIBRIUM DATA 
Benzene2~Methyl-Iso-Butyl- Ketonej System
XX y-l t y  y  q ge tt
°C /2 mm Hg
0.0000 0.0000 80.10 0.0000
0.0801 0.0258 81.56 0.9238
0.1349 0.0524 82.84 0.9573
0.1442 0.0767 83.72 0.9638
0.2629 0.0985 85.73 0.9660
0.3150 0.1237 87.00 0.9594
0.4239 0.1796 89.83 0.9141
0.4616 0.1980 90.46 0.9171
0.4829 0.2351 92.61 0.9428
0.5414 0.2825 94.67 0.9512
0.5996 0.3031 95.58 0.9559
0.6625 0.3733 98.09 0.9675
0.6841 0.4152 99.55 0.9708
0.7070 0.4337 100.35 0.9705
0.7872 0.5407 103.63 0.9818
0.8221 0.5996 105.16 0.9750
0.8840 0.6701 107.40 0.9627
0.9194 0.7333 109.23 0.9574
0.9426 0.7882 110.73 0.9561
0.9519 0.8745 112.45 0.9959
1.0000 1.0000 115.90 1.0000
1.0000 0.0000 0.0000 760.0
1.0228 0.0061 9.9238 765.1
1.0299 0.0082 13.383 764.9
1.0336 0.0088 14.430 765.4
1.0424 0.0092 15.151 764.4
1.0492 0.0077 12.728 762.2
1.0798 0.0027 4.4370 762.2
1.0975 0.0051 8.3343 763.2
.1.0990 0.0066 ■ 11.097 764.7
1.1043 0.0058 9.6983 . 763.1
1.1058 0.0057 9.6521 763.6
1.1116 0.0059 10.006 764.0
1.1222 0.0059 10.021 764.0
1.1250 0.0049 8.3216 762.8
1.1441 0.0055 9.4416 762.5
1.1900 0.0034 5.9287 763.0
1.3199 0.0006 1.0732 763.7
1.4676 ---- ---- 765.1
1.5731 ---- ---- 764.1
1.0655 ---- ---- 764.4
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ballest tank. Pressure variations were kept within 1 2 
mm water. Building supply compressed air passing through 
a silica gel moisture remover was used to maintain a 
positive pressure, while a 1/4 horsepower Duo-Seal 
vacuum pump was used to produce a negative pressure. A 
differential water manometer indicated the difference 
in the still and actual atmospheric pressure.
Four determinations were made at each concentration 
range and at one atmosphere of pressure starting 
initially with equal concentration obtained by dividing 
a large solution into four one-hundred milliter smaller 
solutions. This was done to determine the reproducibility 
of the still as a function of concentration.
The vapor-liquid equilibrium compositions, the 
equilibrium temperatures, the activity coefficients 
and Q functions are tabulated in Table 6 . The
corresponding plots of these results are shown in Figures 
22 through 25 . The results were compared to
3those of recent investigators (Rieder and Thompson )
on a y - x plot, Figure 23 , and show good agreement
throughout the concentration range.
To determine the confidence limits of the obtained 
data for the atmospheric runs the statistical "t" test 
39 was employed for this situation. This statistical
TABLE V I
VAPOR-LIQUID EQUILIBRIUM DATA FOR 
ETHYL ALCOHOL-l - WATER2 SYSTEM
*1 Y1 Toe
-- c
y 2 Q trmm Hg
.0073 .1848 95.166 22.3530 .9859 .00162 764.79
.0406 .3500 89.600 7.8561 1.0018 .0161 764.79
.0862 .4460 85.934 4.8213 1.033 .0312 765.30
.2105 .5368 82.529 2.4226 1.1418 .0549 764.29
.3278 .5750 80.781 1.6823 1.3179 .0671 763.27
.4657 .6628 79.242 1.3778 1.3996 .0620 763.02
.7145 .7328 78.468 .9961 2.1386 .0404 761.75
. 8140 .7515 77.712 .9004 3.1468 .0241 761.24
.0132 .1910 95.788 12.6651 .9569 .00187 760.73
.0552 .3363 89.217 5.5404 1.0495 .0264 761.49
.1480 .5112 84.011 3.2291 1.0455 .0398 758.95
.2925 .5610 81.566 1.8220 1.2474 .0626 759.71
.3930 .6325 80.404 1.5416 1.2767 .0600 760.48
.4415 .7145 78.927 1.5761 1.1529 .0529 766.06
.8420 .8058 78.398 .9352 2.8326 .0204 766.06
.8570 .8223 78.213 .9405 2.8771 .0186 766.83
.0735 .4025 87.868 5.0161 1.0139 .0248 760
.0562 .3865 88.117 6.2903 1.0122 .0216 760
.0567 .3840 87.864 6.2037 1.0268 .0242 760
.0552 .3780 88.364 6.2543 1.0155 .0218 760
.0552 .3780 89.389 6.2170 .9764 .0148 760
.4215 .6540 78.870 1.5016 1.3431 .0645 760
.4065 .6600 78.704 1.5730 1.2952 .0637 760
.4135 .6540 78.864 ' 1.5307 1.3251 .0643 760
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test is designed for use in determining the significance 
of measured differences between two means. This test 
is not applicable if the variances of the two groups 
of data being compared are significantly different at 
the 95% confidence level or if the individual measurements 
do not follow a normal distribution. The Van - Laar 
equation rearranged in the following manner
was employed in a linear regression analysis with two
"independent" variables ( ) and ( Xi )2: x x and
X 2 are the mole fractions of the two components; water
and ethyl alcohol. A least means square fit with the
above equation was used to correlate the data according
39to the procedure outlined in Volk ■ This procedure 
was programmed on the IBM 1620 computer in Fortran as 
shown in the following F section. With N-2 degrees of 
freedom where N is the number of data points and the 
"t" table, 95% and 99% confidence limits were calculated 
for the least means square fit-line and for the actual 
data points. For 95% confidence limits, the error in 
the activity coefficient for ethyl alcohol averaged 
over the entire composition range turned out to be a 
mean value of * 0.0020. This error was also considered
89
to be the mean error associated with the activity
coefficient for the benzene binary systems. Results of
this "t" test are shown in Table VII and in Figure 26 .
To ascertain the variance between the constant
pressure runs and the atmospheric runs, with all other
39factors remaining equal, the statistical MFM test
was employed. The "F" test was programmed on the IBM
3 91620 Computer as outlined in Volk . (See F section).
This statistical test is designed for use in determining 
the significance of a measured difference between two 
variances. This test is not applicable if the individual 
measurements do not follow the normal distribution.
A linear regression analysis with one independent 
variable, composition, was used in the analysis of 
temperature versus composition over small concentration 
ranges. A linear type function was assumed adequate 
over such small concentration intervals. Results of 
this test are given in the following Table VIII below.
TABLE VIII 
Variance in Atmospheric Runs
Cone. Range
(in. f. ethanol) 0.00-0.08 0.15-0.30 0.32-0.46 0.70-0.85
Variance in m.f. 0.00102 0.00525 0.00370 0.00411
Variance in temp. 15.98 1.516 0.798 0.116
Sum Squares
of Residuals 4.69 0.118 0,393 0.313
TABLE VII
STATISTICAL ANALYSIS OF DATA FOR
ETHYL ALCOHOL - WATER SYSTEM
95 PER CENT CONFIDENCE LIMITS
T = 2•131  
IB
37*444319
4 6 2 .4 9 3 9 8  
1 4 3 2 .9 7 2 3  
3 8 4 .6 0 0 8 2  
1 1 7 6 .2 2 9 7  
.2 7 4 5 4 3 8 2  
2 . 0 8 0 2 3 9 9  
3 6 0 1 .0 9 8 0  
3 3 5 4 9 3 4 .0  
2 . 7496937E—03
2 .0 0 0 0 0 0 0 E - 0 2
4 6 2 . 4 9 3 9 8
1 3 7 1 4 4 .1 8
2 3 4 6 3 .4 3 7
125260 .81
2 0 2 9 2 . 2 7 7
3 .4 2 2 5 8 5 9
2 5 .6 9 4 1 1 0
1•1047000
3 . 7336296E—02
8 . 4 4 2 6 6 0 1 E—06
2 .1 3 1 0 0 0 0  
1 2 3 .4 1 9 7 4  
4 4 4 8 .4 4 8 9  
7 6 5 6 .9 0 8 0  
3 6 0 2 .2 0 2 7  
6 6 9 4 . 8 0 9 6  
—2 . 0 9 2 6 6 4 1 E—02 
6 . 8 5 6 6 5 2 2  
7 .3 6 4 6 6 6 6 E - 0 2  
1 . 1463737E-04 1 . 9 9 5 5 1 15E-03
.9 5 0 0 0 0 0 0  
3 .4 0 8 0 0 4 1  
6 1 .6 8 3 1 5 0  
1 . 6 2 1 1 882E-02
5 7 . 7 4 9 1 5 8  
1 .8 4 6 0 7 8 0  
5 3 . 8 1 5 1 6 6  
1.8582122E—02
1 . 7 3 1 6269E—02 
3 . 4 8 1 6 5 0 7  
6 1 . 7 2 5 4 2 9  
1 • 6200778E—02
1.8659181  
5 3 . 7 7 2 8 8 7
1 . 8596732E—02
.9 3 0 0 0 0 0 0  
1 .0 3 8 1 0 6 9  
4 4 . 2 2 3 4 9 8  
2 . 2 6 1 2 4 1 2E—02
4 2 . 0 5 2 2 7 5  
1 .0 1 8 8 7 5 2  
3 9 .8 8 1 0 5 2  
2 .5 0 7 4 5 6 4 E - 0 2
2 . 3779926E—02 
1 .1 1 1 7 5 3 5  
4 4 .2 9 9 1 9 5  
2 . 2 5 7 3 7 7 3E—02
1 .0 5 4 3 9 7 2  
3 9 .8 0 5 3 5 5  
2 . 5 1 22247E -02
.9 1 0 0 0 0 0 0  
. 4 1 1 5 6 5 6 3  
3 4 .1 0 8 3 7 1  
2 . 9 3 1 8 3 1 6E—02
3 2 . 7 4 1 2 6 3  
•64 1 5 3 3 8 5  
3 1 . 3 7 4 1 5 5  
3 . 1 873368E—02
3 .0 5 4 2 4 9 9 E -0 2  
. 4 8 5 2 1 2 2 9  
3 4 . 2 2 5 6 5 7  
2 . 9 2 1 7846E—02
•69657184  
3 1 . 2 5 6 8 6 9  
3 . 1 992967E—02
.8 9 0 0 0 0 0 0  
• 18704420  
2 7 . 5 1 8 0 8 5  
3 • 6 3 3 9 7 3 8E—02
2 6 . 5 9 6 4 5 8  
.4 3 2 4 8 6 0 8  
2 5 .6 7 4 8 3 1  
3 • 8948649E—02
3 . 7 5 9 8 9 9 IE-02  
.2 6 0 6 9 0 8 6  
2 7 .6 8 4 5 0 1  
3 . 6 1 2 1 294E-02
.5 1 0 5 7 8 9 6  
2 5 .5 0 8 4 1 5  
3 .9 2 0 2 7 4 9 E - 0 2
.8 7 0 0 0 0 0 0  
9 . 1 540725E —02 
2 2 .8 8 7 0 4 8  
4 . 3 6 9 2 8 3 4 E—02
2 2 .2 4 2 3 0 0  
. 3 0 2 5 5 6 9 7  
2 1 . 5 9 7 5 5 2  
4 . 6 3 0 1 543E—02
4 .4 9 5 9 3 7 9 E -0 2
.1 6 5 1 8 7 3 9
2 3 . 1 0 8 4 0 7
4 .3 2 7 4 2 9 4 E - 0 2
.4 0 6 4 3 2 5 4  
2 1 . 3 7 6 1 9 3  
4 . 6 7 8 1 0 1 4E—02
.8 5 0 0 0 0 0 0  
4 . 6 5 7 1 379E-02  
1 9 .4 5 7 0 9 7  
5 . 1 395128E -02
1 8 .9 9 7 2 1 9  
. 2 1 5 8 0 4 0 2  
18 .537341  
5 . 3 9 4 5 1 69E-02
5 .2 6 3 9 2 8 3 E - 0 2  
• 12021804  
I 9 .7 3 6 0 8 9  
5 . 0668600E —02
.3 4 6 7 2 4 7 4
1 8 .2 5 8 3 4 9




. 0 3 0 0 0 0 0 0  
2 .A 1 8 !5 0 1 E -0 2  
1 6 .0 1 7 3 5 8  
5 .9 4 6 2 3 7 2 E - 0 2
1 6 .4 8 5 9 7 9  
• 15550402  
1 6 .1 5 4 6 0 0  
6 .1 9 0 1 8 7 3 E —02
6 . 0 6 5 7 6 0 4E—02 
9 . 7 8 2 8 1 67E-02  
1 7 .1 5 2 5 0 2  
5 • 830 0532E —02
.3 1 2 7 7 4 9 4  
1 5 .8 1 9 4 5 6  
6 • 3 2 1 3290E—02
.8 1 0 0 0 0 0 0
1 . 2 8 4 6 8 2 8E—02 
14 .726771  
6 . 7903547E -02
1 4 .4 8 5 2 3 6  
• 11334384  
1 4 .243701  
7 .0 2 0 6 4 7 2 E - 0 2
6 .9 0 3 5 8 0 9 E - 0 2  
8 .6 4 9 3 4 9 4 E - 0 2  
1 5 .1 1 1 9 5 8  
6 . 6 1 7 2 7 6 1 E-02
. 2 9 4 0 9 7 7 7  
1 3 .8 5 8 5 1 4  
7 . 2 1 5 7 8 0 8E”02
. 7 9 0 0 0 0 0 0  
7 . 2 8 7 2 3 4 OE—0 3 
1 3 .0 3 5 7 4 6  
7 .6 7 1 2 1 4 2 E - 0 2
1 2 .8 5 3 8 3 3  
8 . 5365305E—02 
1 2 .6 7 1 9 2 0  
7 .8 9 1 4 6 3 9 E - 0 2
7 .7 7 9 7 8 0 5 E - 0 2  
8 . 0 9 3 3 9 0 OE—02 
1 3 .4 6 0 0 7 8  
7 .4 2 9 3 7 7 4 E - 0 2
.2 8 4 4 8 8 8 3  
1 2 .2 4 7 5 8 8  
8 . 1 6 4 8 7 2 9E—0 2
.7 7 0 0 0 0 0 0  
4 . 8 8 4 1 060E-03
1 1 .6 4 7 1 4 8  
8 . 5 8 5 7 9 2 8E—02
11 .498221  
6 . 9 8 8 6 3 8 3 E - 0 2
1 1 .3 4 9 2 9 4  
8 . 8 1 1 1207E-02
8 .6 9 6 9 9 7 5 E —02 
7 .8 5 3 0 7 7 2 E - 0 2  
1 2 .0 9 5 3 9 8  
8 . 2676072E—02
.28 023341  
1 0 .9 0 1 0 4 4  
9 . 1 734332E—02
. 7 5 0 0 0 0 0 0  
4 .2 5 7 4 1 9 2 E - 0 3  
1 0 .4 9 3 0 0 7  
9 . 5 3 0 1 566E-02
1 0 .3 5 3 9 6 2  
6 . 5248903E —02 
1 0 .2 1 4 9 1 7  
9 .7 8 9 6 0 4 7 E - 0 2
9 . 6 5 8 1 385E-02  
7 • 7904085E —02 
1 0 .948751  
9 . 1334618E-02
.2 7 9 1 1 3 0 5  
9 .7 5 9 1 7 3 0  
• 10246769
.7 3 0 0 0 0 0 0  
4 . 6 4 4 7 9 3 4 E—03 
9 . 5 2 0 4 6 1 4  
. 1 0 5 0 3 6 9 2
9 .3 7 5 2 2 8 0  
6 . 8 1 52723E—02 
9 .2 2 9 9 9 4 6  
. 1 0 8 3 4 2 4 2
• 10666407  
7 . 8 2 9 1 459E-02  
9 .9 7 1 4 9 4 8  
. 1 0 0 2 8 5 8 6
.27980611  
8 . 7 7 8 9 6 1 2  
. 1 1 3 9 0 8 6 9
.7 1 0 0 0 0 0 0  
5 . 6 0 9 4 0 2 5 E - 0 3  
8 . 6 8 8 1 4 5 8  
• 1 1509935
8 . 5 2 8 5 4 2 6  
7 . 4 8 9 5 9 4 8E—02 
8 .3 6 8 9 3 9 4  
• 11948945
.1 1 7 2 5 3 3 2  
7 . 92 56068E —02 
9 . 1 2 8 4 7 1 3  
. 1 0 9 5 4 7 3 6
.2 8 1 5 2 4 5 3  
7 .9 2 8 6 1 3 9  
.1 2 6 1 2 5 4 5
.6 9 0 0 0 0 0 0  
6 . 8939286E —03 
7 . 9 6 5 8 1 8 6  
. 1 2 5 5 3 6 3 7
7 . 7 8 8 8 8 2 4  
8 . 3029686E—02 
7 . 6 1 1 9 4 6 2  
.1 3 1 3 7 2 4 4
.1 2 8 3 8 8 1 2  
8 .0 5 4 0 5 9 4 E —02 
8 . 3 9 3 6 5 3 2  
• 11913763
.2 8 3 7 9 6 7 5  
7 .1 8 4 1 1 1 6  
. 1 3 9 1 9 6 0 5
. 6 7 0 0 0 0 0 0  
8 . 3 4 3 7 6 0 1 E—03 
7 . 3 3 1 8 2 2 3  
.1 3 6 3 9 1 7 3
7 . 1 3 7 1 6 7 9  
9 . 1 3 4 4 1 B8E-02  
6 . 9 4 2 5 1 3 5  
• 14404005
• 14011159
8 . 1 990426E—02 
7 . 7 4 7 3 5 7 8
• 12907626
.28633971
6 . 5 2 6 9 7 8 0
.1 5 3 2 1 0 2 6
TABLE VII (continued)
. 6 5 0 0 0 0 0 0
9 .8 6 4 8 5 5 6 E - 0 3
6 *7702542
• 14770494
.6 3 0 0 0 0 0 0  
1 * 1399783E—02 
6 . 2 6 9 0 4 6 0  
. 1 5 9 5 1 3 9 0
.6 1 0 0 0 0 0 0  
1 . 2 9 1 3687E—02 
5 . 8 1 8 7 8 7 2
• 17185711
.5 9 0 0 0 0 0 0  
1 .4 3 8 5 8 3 8 E -0 2  
5 . 4  119877
• 16477499
.5 7 0 0 0 0 0 0  
1 . 5 8 0 4 4 4 6E-*02 
5*0425884  
. 1 9 8 3 1 0 8 5
.5 5 0 0 0 0 0 0  
1 . 7 1 6 3 4 1 4E- 02 
4 . 7 0 5 6 2 4 2  
.2 1 2 5 1 1 6 5
.5 3 0 0 0 0 0 0  
1 . 8 4 6 0 2 7 1 E—02 
4 , 3 9 6 9 8 0 6  
. 2 2 7 4 2 8 7 9
.5 1 0 0 0 0 0 0  
1 . 9694832E—02 
4 .1 1 3 2 1 8 0  
•2 4 3 1 1 8 6 4
.4 9 0 0 0 0 0 0  
2 . 0868349E —02 
3 . 8 5 1 4 3 4 8  
• 2 5 9 6 4 3 4 9
6 .5 5 8 5 9 9 1  
9 . 9 3 2 1 988E—02 
6 .3 4 6 9 4 4 0  
. 1 5 7 5 5 6 1 4
6 . 0 4 1 5 1 9 7
• 10676976  
5 .8 1 3 9 9 3 4
• 17199881
5 . 5 7 6 6 2 3 8  
.1 1 3 6 3 8 4 0  
5 . 3 3 4 4 6 0 4  
. 1 8 7 4 6 0 3 8
5 . 1 5 6 3 9 3 5
• 1 1994097  
4 . 9 0 0 7 9 9 3  
.2 0 4 0 4 8 3 4
4 .7 7 4 6 8 8 2
.1 2 5 7 1 5 7 3
4 .5 0 6 7 8 8 0
.22188751
4 .£.264436
• li31 00922  
4 .  1472630  
•2 4 1 1 2 2 8 8
4 . 1 0 7 4 4 4 7
• 13586857  
3 .8 1 7 9 0 8 8  
. 2 6 1 9 2 3 4 9
3 .8 1 4 1 5 7 2  
.1 4 0 3 3 8 2 8  
3 .5 1 5 0 9 6 4  
.28448721
3 .5 4 3 5 9 3 1
.1 4 4 4 5 8 8 2
3 . 2 3 5 7 5 1 4
.3 0 9 0 4 7 2 2
.1 5 2 4 7 1 5 8  
8 .3 5 1 1 5 2 1  E—02 
7 .1 7 4 4 2 3 1
• 13938402
• 16552126
8 . 5046449E—02 
6*6 629773
• 15008305
.1 7 9 3 1 9 9 6
8 • 6 5 6 0 3 5 3E—02
6 .2 0 3 5 8 8 3
• 16119702
.1 9 3 9 3 3 9 9  
8 . 8 0 3 2 5 0 4E—02 
5 .7 8 8 6 6 7 0  
.1 7 2 7 5 1 3 4
.2 0 9 4 3 7 7 5  
8 . 9 4 5 1 1 12E-02  
5 . 4 1 2 0 3 5 7  
. 1 8 4 7 7 3 3 5
.2 2 5 9 1 4 9 9
9 .0 8 1 0 0 8 0 E -0 2
5 .0 6 8 6 1 4 2
.1 9 7 2 9 2 5 8
•2 4 3 4 6 0 3 6  
9 . 2 1 0 6 9 3 7E—02 
4 . 7 5 4 1 8 4 5  
•21034101
.26218111  
9 . 3 3 4 1 498E—02 
4 . 4 6 5 2 1 6 9  
.2 2 3 9 5 3 2 8
.2 8 2 1 9 9 4 4  
9 . 4 5 1 5 0 1 5E—02 
4 . 1 9 8 7 3 2 7  
. 2 3 8 1 6 7 1 0
.2 8 8 9 8 3 6 2
5 .9 4 2 7 7 5 1
.1 6 8 2 7 1 5 5
.2 9 1 6 2 7 2 3  
5 .4 2 0 0 6 2 1  
• 18449973
.29421141  
4 . 9 4 9 6 5 9 3  
. 2 0 2 0 3 4 1 0
.2 9 6 7 0 2 7 3  
4 .5 2 4 1 2 0 0  
. 2 2 1 0 3 7 4 6
.2 9 9 0 8 3 8 0  
4 .1 3 7 3 4 0 7  
. 2 4 1 7 0 1 1 4
.30134711  
3 . 7 8 4 2 7 3 0  
. 2 6 4 2 5 1 5 4
.3 0 3 4 9 1 2 6
3 .4 6 0 7 0 4 9
.2 8 8 9 5 8 4 7
.3 0 5 5 1 8 4 3
3 .1 6 3 0 9 7 5
.3 1 6 1 4 5 8 0
.3 0 7 4 3 2 9 4
2 .8 8 8 4 5 3 5
.3 4 6 2 0 6 0 2
TABLE VII (continued)
• 47000000 3 .2 9 3 2 1 0 4
2 . 19S2935E-02 .1 4 8 2 6 6 4 3
3 .6 0 9 1 6 6 1 2 . 9 7 7 2 5 4 7
.27 707231 .3 3 5 8 7 9 8 9
• 45000000 3 .0 6 0 8 3 2 6
2 * 3 0 4 1 191E-02 .1 5 1 7 9 3 2 5
3 .3 8 4 3 0 4 0 2 . 7 3 7 3 6 1 2
.2 9 5 4 8 1 7 2 .3 6 5 3 1 5 3 2
.4 3 0 0 0 0 0 0 2 . 8 4 4 5 8 5 2
2 . 4045979E—02 • 15506767
3 .1 7 5 0 3 4 4 2 . 5 1 4 1 3 6 0
.31495721 .3 9 7 7 5 0 9 5
.4 1 0 0 0 0 0 0 2 . 6 4 2 8 4 5 3
2 . 5000236E—02 • 1581 1463
2 . 9 7 9 7 8 7 5 2 .3 0 5 9 0 3 1
.3 3 5 5 9 4 4 0 .4 3 3 6 6 9 5 6
• 39000000 2 .4 5 4 2 0 0 5
2 . 5906898E—02 .1 6 0 9 5 6 2 0
2 .7 9 7 1 9 8 1 2 .  1 1 12029
.3 5 7 5 0 0 6 0 .47366361
.3 7 0 0 0 0 0 0 2 . 2 7 7 4 1 5 9
2 . 6 7 6 8 8 1 7E-0 2 .1 6 3 6 1 1 7 9
2 . 6 2 6 0 7 2 6 1 .9 2 8 7 5 9 2
.3 8 0 7 9 6 7 8 .5 1 6 4 6 8 0 3
.3 5 0 0 0 0 0 0 2 .1 1 1 4 0 7 2
2 . 7588738E —02 .1 6 6 0 9 8 5 8
2 . 4 6 5 3 6 3 2 1 .7 5 7 4 5 1 2
.4 0 5 6 1 9 7 4 •56900584
.3 3 0 0 0 0 0 0 1 .9 5 5 2 1 8 5
2 • 8369258E—02 •1 6 8 4 3 1 7 6
2 . 3 1 4 1 4 6 5 1 .5 9 6 2 9 0 5
. 4 3 2 1 2 4 7 5 .6 2 6 4 5 2 3 9
.3 1 0 0 0 0 0 0 1 .8 0 8 0 0 3 3
2 . 9 1 12835E-02 • 17062483
2 .1 7 1 6 0 4 8 1 .4 4 4 4 0 1 8
• 46048894 .6 9 2 3 2 8 1 3
.3 0 3 6 5 5 0 5
9 .5 6 2 9 6 0  IE-02 .3 0 9 2 4 0 3 8
3 .9 5 2 2 0 1 6 2 .6 3 4 2 1 9 2
.2 5 3 0 2 3 5 2 .3 7 9 6 1 9 1 2
. 3 2 6 7 0 8 4 9
9 . 6 6 8 7 8 5 7E—02 .3 1 0 9 4 6 7 2
3 .7 2 3 4 6 0 0 2 .3 9 8 2 0 5 2
•2 6 8 5 6 7 4 0 .4 1 6 9 7 8 4 9
.3 5 1 5 4 5 1 0
9 . 7692645E—02 .3 1 2 5 5 8 2 3
3 .5 1 0 6 4 6 7 2 .1 7 8 5 2 3 7
.2 8 4 8 4 7 8 0 •45902644
• 3 7 8 3 8 0 0 7
9 . 8646902E —02 .3 1 4 0 8 1 0 6
3 .3 1 2 1 5 2 0 1 .9 7 3 5 3 8 6
.3019 1851 .5 0 6 7 0 4 0 4
•4 0 7 4 6 4 6 7
9 • 9553564E—02 .31 552111
3 . 1 2 6 5 7 5 9 1 .7818251
.3 1 9 8 3 8 7 0 .56122231
.4 3 9 0 9 4 1 5
• 10041548 .31688401
2 . 9 5 2 6 9 5 7 1.602 1361
.3 3 8 6 7 3 5 7 .6 2 4 1 6 6 6 9
.4 7 3 6 1 7 7 8
• 10123540 .31817511
2 . 7 8 9 4 3 8 3 1.4333761
.35849511 .6 9 7 6 5 3 6 0
.5 1 1 4 5 1 7 8
.1 0 2 0 1 5 9 2 .3 1 9 3 9 9 3 2
2 . 6 3 5 8 5 8 4 1 .2 7 4 5 7 8 6
.3 7 9 3 8 3 0 5 .7 8 4 5 7 3 0 3
•55 3 0 9 6 3 3
.1 0 2 7 5 9 5 0 .3 2 0 5 6 1 2 3
2 .4 9 1 1 1 9 2 1 .1 2 4 8 8 7 4
•4 0 1 4 2 5 9 9 •88897786
TABLE VII (continued)
. 2 9 0 0 0 0 0 0
2 . 9 8 2 I 7 6 7 E - 0 2
2 .0 3 7 0 1 2 1
.4 9 0 9 1 5 1 0
.2 7 0 0 0 0 0 0  
3 . 0 4 9 8 2 0 9 E - 0 2  
1 .9 0 9 7 2 1 2  
. 5 2 3 6 3 6 6 4
.2 5 0 0 0 0 0 0  
3 . 1 144167E-02  
1 .7 8 9 1 5 3 3  
. 5 5 8 9 2 3 5 9
.2 3 0 0 0 0 0 0  
3 . 1 7 6 1 5 1 OE—02 
1 .6 7 4 7 8 9 2  
. 5 9 7 0 9 0 0 6
. 2 1 0 0 0 0 0 0  
3 . 2 3 5 1 973E—02 
1 .5 6 6 1 6 2 0  
. 6 3 8 5 0 3 5 5
• 19000000  
3 . 2 9 1 7 1 69E—02 
1 .4 6 2 8 5 0 4  
. 6 8 3 5 9 6 9 0
.1 7 0 0 0 0 0 0  
3 .3 4 5 8 6 0 5 E - 0 2  
1 .3 6 4 4 7 3 4  
. 7 3 2 8 8 3 4 6
.1 5 0 0 0 0 0 0  
3 . 3 9 7 7 6 7 0 E—02 
1 . 2 7 0 6 8 5 7  
. 7 8 6 9 7 6 6 6
• 13000000  
3 .4 4 7 5 6 6 0 E - 0 2  
1 .1 8 1 1 7 3 4  
. 8 4 6 6 1 5 7 4
1 .6 6 9 0 1 0 2  
. 1 7 2 6 8 9 7 9  
1 .3 0 1 0 0 8 3  
. 7 6 8 6 3 4 6 0
1 .5 3 7 5 6 9 0  
. 1 7 4 6 3 7 3 6  
1 .1 6 5 4 1 6 8  
.85806211
1 .4 1 3 0 8 0 7
• 17647709  
1 .0370081  
•9 6 4 3 1 2 6 2
1 .2 9 5 0 0 7 5
• 17821760  
. 9 1 5 2 2 5 8 0  
1 .0 9 2 6 2 6 5
1 .1 8 2 8 6 6 4  
. 1 7 9 8 6 6 5 5  
.7 9 9 5 7 0 8 0  
1 .2 5 0 6 7 0 9
1 .0 7 6 2 2 1 2  
. 1 8 1 4 3 0 8 8  
.6 8 9 5 9 2 0 0  
1 .4 5 0 1 3 2 8
.9 7 4 6 7 7 4 8  
. 1 8 2 9 1 6 9 4  
. 5 8 4 8 8 1 4 8  
1 .70 97481
.8 7 7 8 7 7 8 5
.1 8 4 3 3 0 3 2
.4 8 5 0 6 9 9 4
2 .0 6 1 5 5 8 3
.7 8 5 4 9 7 4 4  
.18 567621  
.3 8 9 8 2 1 4 4  
2 . 5 6 5 2 7 7 0
.59915751
• 1 0 3 4 6 8 4 3
2 . 3 5 4 4 7 8 5
.4 2 4 7 2 2 5 0
.65037731
.1 0 4 1 4 4 8 7
2 .2 2 5 2 7 4 3
.4 4 9 3 8 2 8 0
.7 0 7 6 7 3 6 6  
. 1 0 4 7 9 0 8 3  
2 . 1 0 2 9 1 5 5  
.4 7 5 5 3 0 2 8
.7 7 2 1 9 6 3 0
• 10540817  
1 .9 8 6 8 7 1 2  
.5 0 3 3 0 3 8 8
•84540401
• 10599863  
1 .8 7 6 6 6 5 2  
.5 3 2 8 6 0 0 9
.92917701
• 10656383  
1 .7 7 1 8 6 7 2  
. 5 6 4 3 7 6 3 8
1 .0 2 5 9 8 0 4  
. 1 0 7 1 0 5 2 7  
1 .6 7 2 0 8 8 6  
. 5 9 8 0 5 4 4 3
1 •1 3 9 1 1 0 6  
. 1 0 7 6 2 4 3 3  
1 .5 7 6 9 7 6 8  
. 6 3 4 1 2 4 7 3
1 .2 7 3 0 7 8 6
• 10812232  
1 .4 8 6 2 1 2 0  
.6 7285151
.3 2 1 6 6 5 0 9  
. 9 8 3 5 4 1 9 0  
1 .0 1 6 7 3 3 5
•3 2271485  
. 8 4 9 8 6 3 7 0  
1 .1 7 6 6 5 9 2
. 3 2 3 7 1 4 1 3  
. 7 2 3 2 4 5 9 0  
1 .3 8 2 6 5 5 6
.3 2 4 6 6 6 2 4  
•60314380
1 .6 5 7 9 7 9 4
.3 2 5 5 7 4 3 0
.4 8 9 0 6 7 6 0
2 .0 4 4 7 0 7 1
•3 2 6 4 4 1 1 5  
. 3 8 0 5 7 5 2 0  
2 .6 2 7 6 0 1 5
.3 2 7 2 6 9 4 4
.2 7 7 2 6 6 3 0
3 .6 0 6 6 4 0 9
• 3 2 8 0 6 1 4 7  
• 17877886  
5 .5 9 3 5 0 2 4





• 1 1000000 
3•4953774E—02 
1 .0 9 5 6 5 0 6  
.9 1 2 6 9 9 7 2
9 . 0 0 0 0 0 0 0 E - 0 2  
3 .5 4 1 3 1 4 0 E - 0 2  
1 .0 1 3 8 5 6 2  
.9 8 6 3 3 3 1 7
7 . 0000000E -02  
3 .  5854 7 9 3E **02 
. 9 3 5 5 5 1 8 2  
1 •0 6 8 8 8 7 8
5 .0 0 0 0 0 0 0 E —02 
3« 6279707E —02 
.8 6 0 5 1 8 4 7  
1 .1620901
3 . 0 0 0 0 0 0 0 E - 0 2  
3 . 6688784E—02 
.7 8 8 5 5 5 4 5  
1 .2 6 8 1 4 1 6
1 • OOOOOOOE—02 
3 .7 0 8 2 8 6 5 E - 0 2  
. 7 1 9 4 7 6 0 5  
1 .3 8 9 8 9 6 4
.6 9 7 2 4 0 3 7
.1 8 6 9 5 9 2 9
.2 9 8 8 3 0 1 2
3 .3 4 6 3 8 2 8
. 6 1 2 8 3 6 6 3  
. 1 8 8 1 8 3 7 9  
. 2 1 1 8 1 6 9 7  
4 .7 2 1 0 5 7 0
.5 3 2 0 3 9 2 6  
• 18935362  
. 1 2 8 5 2 6 7 0  
7 .7 8 0 4 8 4 5
. 4 5 4 6 2 1 9 6  
. 1 9 0 4 7 2 3 2  
4 . 8 7 2 5 4  50E— 02 
2 0 . 5 2 3 1 5 5
.3 8 0 3 7 6 9 8
.1 9 1 5 4 3 1 6
- 2 . 7 8 0 1 4 9 0 E - 0 2
- 3 5 . 9 6 9 2 9 5
. 3 0 9 1 1 3 2 6  
«19256912  
- . 1 0 1 2 5 1 5 3  
- 9 . 8 7 6 3 9 3 9
1 .4 3 4 2 2 5 6  
•1 0860044  
1 .3 9 9 5 0 2 4  
. 7 1 4 5 3 9 6 8
1 .6 3 1 7 5 6 2  
.1 0 9 0 5 9 8 0  
1 .3 1 6 5 8 2 4  
.7 5 9 5 4 2 2 8
1 .8 7 9 5 6 0 5  
. 1 0 9 5 0 1 4 5  
1 .2 3 7 2 0 8 5  
. 8 0 8 2 7 1 2 0
2 . 1 9 9 6 2 9 7  
.1 0 9 9 2 6 3 7  
1.1611581  
. 8 6 1 2 0 9 1 6
2 . 6 2 8 9 7 0 8
• 11033545  
1 .0 8 8 2 2 6 5  
•9 1 8 9 2 6 3 4
3 .2 3 5 0 6 0 1
• 11072953  
1 .0 1 8 2 2 5 8  
. 9 8 2 1 0 0 4 3
.32954581  
- 5 .0 2 1 7 5 0 0 E - 0 3  
- 1 9 9 . 1 3 3 7 6
.3 3 0 2 4 2 0 3  
—9 . 0 9 0 9 1 4 OE—02  
- 1 0 . 9 9 9 9 9 4
.3 3 0 9 1 0 0 5
- . 1 7 3 1 3 0 0 6
- 5 . 7 7 6 0 0 4 4
•33 1 5 5 1 4 5
- . 2 5 1 9 1 4 1 8
- 3 . 9 6 9 6 0 5 8
.33216781
- . 3 2 7 4 7 2 6 2
- 3 . 0 5 3 6 9 0 4
.3 3 2 7 6 0 4 7
- . 3 9 9 9 9 9 3 0
- 2 . 5 0 0 0 0 4 3
TABLE VII (continued)
99 PER CENT CONFIDENCE LIMITS
T = 2 .947
18
3 7 . 4 4 4 3 1 9
4 6 2 . 4 9 3 9 8  
1 4 3 2 .9 7 2 3  
3 8 4 .6 0 0 8 2  
1 1 7 6 .2 2 9 7  
. 2 7 4 5 4 3 8 2  
2 . 0 8 0 2 3 9 9  
3 6 0 1 .0 9 8 0  
3 3 5 4 9 3 4 .0  
2 • 7496937E—03
.9 5 0 0 0 0 0 0  
3 .4 0 8 0 0 4 1  
6 3 . 1 8 9 5 4 9  
1 .5 8 2 5 4 0 1 E—02
.9 3 0 0 0 0 0 0  
1 .0 3 8 1 0 6 9  
4 5 . 0 5 4 9 0 0  
2 . 2 1 9 5 1 44E —02
.9 1 0 0 0 0 0 0  
. 4 1 1 5 6 5 6 3  
3 4 . 6 3 1 8 6 3  
2 . 8 8 7 5 1 43E—02
.8 9 0 0 0 0 0 0  
• 18704420  
2 7 . 8 7 0 9 9 4  
3 .5 8 7 9 5 9 5 E - 0 2
.8 7 0 0 0 0 0 0  
9 . 1 540725E —02 
2 3 . 1 3 3 9 3 5  
4 .3 2 2 6 5 4 1  E — 02
2 .0 0 0 0 0 0 0 E - 0 2
4 6 2 .4 9 3 9 8
1 3 7 1 4 4 .1 8
2 3 4 6 3 . 4 3 7
125260 .81
2 0 2 9 2 .2 7 7
3 .4 2 2 5 8 5 9
2 5 .6 9 4 1 1 0
1 .1 0 4 7 0 0 0
3 . 7336296E—02
8 .4 4 2 6 6 0 1  E — 06
5 7 . 7 4 9 1 5 8  
1 .8 4 6 0 7 8 0  
5 2 .3 0 8 7 6 7  
1 . 9 1 1 7254E-02
4 2 . 0 5 2 2 7 5  
1 .0 1 8 8 7 5 2  
3 9 .0 4 9 6 5 0  
2 . 5 6 0 8 4 2 4 E—02
3 2 . 7 4 1 2 6 3  
.6 4 1 5 3 3 8 5  
3 0 .8 5 0 6 6 3  
3 . 2 4 1 4 2 1 4E-02
2 6 .5 9 6 4 5 8  
. 4 3 2 4 8 6 0 8  
2 5 .3 2 1 9 2 2  
3 . 9 4 9 1 473E—02
2 2 .2 4 2 3 0 0  
. 3 0 2 5 5 6 9 7  
2 1 . 3 5 0 6 6 5  
4 • 6836948E—02
2 .9 4 7 0 0 0 0  
1 2 3 .4 1 9 7 4  
4 4 4 8 . 4 4 8 9  
7 6 5 6 .9 0 8 0  
3 6 0 2 .2 0 2 7  
6 6 9 4 .8 0 9 6  
“ 2 • 0 9 2 6 6 4 1 E—02 
6 . 8 5 6 6 5 2 2  
7 .3 6 4 6 6 6 6 E -0 2  
1 • 1463737E-04
1 . 7 3 1 6269E —02 
3 .4 8 1 6 5 0 7  
6 3 . 2 4 8 0 1 8  
1 . 5 8 1 0772E-02
2 . 3 7 7 9 9 2 6E—02
1 .1 1 1 7 5 3 5  
4 5 . 1 5 9 5 8 3  
2 .2 1 4 3 6 9 4 E - 0 2
3 .0 5 4 2 4 9 9 E - 0 2  
. 4 8 5 2 1 2 2 9  
3 4 .7 9 4 0 6 0  
2 . 8 7 4 0 5 3 7 E —02
3 . 7 5 9 8 9 9 1 E—02 
. 2 6 0 6 9 0 8 6  
2 8 .1 0 1 1 3 4
3 . 5 5 8 5 7 5 2E—02
4 .4 9 5 9 3 7 9 E - 0 2  
• 16518739  
2 3 . 4 4 0 0 5 6  
4 . 2 6 6 2 0 1 4E—02
1 . 9 9 5 5 1 15E-03
1 .8659181  
5 2 . 2 5 0 2 9 8
1 . 9 1 38646E-02
1 .0 5 4 3 9 7 2  
3 8 .9 4 4 9 6 7  
2 • 5677258E—02
.6 9 6 5 7 1 8 4  
3 0 .6 8 8 4 6 6  
3» 25S5532E—02
.5 1 0 5 7 8 9 6
2 5 .0 9 1 7 8 2
3 .9 8 5 3 6 8 5 E -0 2
•40643254  
21 .0 4 4 5 4 4  
4 . 7 5 1 8 2 5 4 E—02
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TARLE VII (continued)
•0 5 0 0 0 0 0 0  
4 * 6 5 7 1 379E-02  
19*633193  
5 • 0 9 3 4 1 50E—02
18*997219
.2 1 5 8 0 4 0 2
18*361245
5 .4 4 6 2 5 3 7 E - 0 2
5 .2 6 3 9 2 8 3 E - 0 2  
• 12021804  
2 0 . 0 1 9 0 1 6  
4 • 9952505E—02
.3 4 6 7 2 4 7 4  
1 7 .9 7 5 4 2 2  
5 * 5 6 3 1 5 1 7E—02
.8 3 0 0 0 0 0 0  
2 . 4 1 8 1 501E-02  
1 6 .9 4 4 2 4 9  
5 .9 0 1 7 0 7 4 E - 0 2
16*485979  
• 15550402  
1 6 .0 2 7 7 0 9  
6 * 2 3 9 1 948E—02
6 • 0 6 5 7 6 0 4 E—02 
9 * 7 8 2 8 1 67E—02 
1 7 .4 0 7 7 2 6  
5 .7 4 4 5 7 5 7 E -0 2
.3 1 2 7 7 4 9 4  
15*564232  
6 • 4249877E—02
. 8 1 0 0 0 0 0 0  
1« 2846828E —02 
1 4 .8 1 9 2 6 0  
6 . 7 4 7 9 7 5 2 E - 0 2
1 4 .4 8 5 2 3 6  
• 11334384  
1 4 .1 5 1 2 1 2
7 . 0665325E —02
6 .9 0 3 5 8 0 9 E -0 2  
8 . 6 4 9 3 4 9 4 E—02 
1 5 .3 5 1 9 4 2  
6.51-38338E-02
.2 9 4 0 9 7 7 7
1 3 .6 1 8 5 3 0
7 .3 4 2 9 3 6 4 E -0 2
. 7 9 0 0 0 0 0 0  
7 . 2 8 7 2 3 4 OE—03 
1 3 .1 0 5 4 0 4  
7 .6 3 0 4 4 0 0 E —02
1 2 .8 5 3 8 3 3  
8 . 5 3 6 5 3 0 5E~02 
1 2 .6 0 2 2 6 2  
7 . 9 3 5 0 8 3 4E—02
7 • 7797805E—02 
8 .  09339(^0 E—02 
1 3 .692221  
7 . 3 0 3 4 1 70E—02
.2 8 4 4 8 8 8 3  
1 2 .0 1 5 4 4 5  
8 . 3 2 2 6 2 1 4E—02
. 7 7 0 0 0 0 0 0  
4 . 8 8 4 1 060E-03
1 1 .7 0 4  176 
8 . 5 4 3 9 5 9 OE-02
11 .498221  
6 .9 8 8 6 3 8 3 E - 0 2
1 1 .2 9 2 2 6 6  
8 . 8 5 5 6 1 85E-02
8 .6 9 6 9 9 7 5 E -0 2  
7 .8 5 3 0 7 7 2 E -0 2  
1 2 .3 2 4 0 6 8  
8 . 1 1 42038E-02
.28023341  
10 .6 7 2 3 7 4  
9 . 3 6 9 9 8 6 4 E—02
.7 5 0 0 0 0 0 0  
4 . 2 5 7 4 1 9 2 E - 03 
1 0 .5 4 6 2 5 0  
9 . 4 8 2 0 4 3 3 E - 0 2
1 0 .3 5 3 9 6 2  
6 .5 2 4 8 9 0 3 E —02 
1 0 .1 6 1 6 7 4  
9 . 84 08982E—02
9.6581385E—02 
7 .7 9 0 4 0 8 5 E -0 2
1 1 .1 7 6 5 0 8  
8 .9 4 7 3 3 8 4 E - 0 2
.2 7 9 1 1 3 0 5  
9 .5 3 1 4 1 6 0  
• 10491620
.7 3 0 0 0 0 0 0  
4 . 6447934E —03 
9 . 5 7 6 0 7 4 0  
• 10442692
9 . 3 7 5 2 2 8 0  
6 . 8 1 5 2 7 2 3E—02 
9 .1 7 4 3 8 2 0  
• 10899916
• 10666407  
7 . 8 2 9 1 459E-02  
1 0 .1 9 9 8 1 6  
9 .8 0 4 0 9 8 4 E -0 2
.27980611  
8 .5 5 0 6 3 9 4  
• 1 1695031.
. 7 1 0 0 0 0 0 0  
5 • 609 4025E —03 
8 . 7 4 9 2 6 0 9  
.  11429536
8 . 5 2 8 5 4 2 6  
7 . 4 8 9 5 9 4 8E“ 02 
8 . 3 0 7 8 2 4 3  
. 1 2 0 3 6 8 4 5
• 11725332  
7 . 9256068E—02 
9 .3 5 8 1 9 5 3  
.1 0685821
.2 8 1 5 2 4 5 3
7 .6 9 8 8 8 9 9
.1 2 9 8 8 8 8 5
.6 9 0 0 0 0 0 0  
6 • 8939286E —03 
8 . 0 3 3 5 7 0 8  
• 12447764
7 .7 8 8 8 8 2 4  
8 . 3029686E—02 
7 .5 4 4 1 9 4 0  
• 13255226
.1 2 8 3 8 8 1 2  
8 . 0 5 4 0 5 9 4 E—02 
8 . 6 2 5 2 3 1 4  
.11 593891
.2 8 3 7 9 6 7 5
6 .9 5 2 5 3 3 4
.1 4 3 8 3 2 4 6
TABLE VII (continued)
. 6 7 0 0 0 0 0 0
8 • 3 4 3 7 6 0 1 E—0 3
7 .4 0 6 3 5 9 2
• 13501910
.6 5 0 0 0 0 0 0  
9 . 8 6 4 8 5 5 6E—03 
6*8513010
• 14595768
.6 3 0 0 0 0 0 0  
1 . 1399763E-02  
6 .3 5 6 1 7 0 1  
. 1 5 7 3 2 7 4 4
.6 1 0 0 0 0 0 0  
1 . 2 9 1 3687E—02 
5 .9 1 1 5 1 6 1
• 16916134
.5 9 0 0 0 0 0 0
1 * 4385838E -02
5 .5 0 9 8 5 9 5
• 18149283
• 57000000
1 . 5 8 0 4 4 4 6E—02 
5 . 1 4 5 1 7 2 4  
.1 9 4 3 5 6 9 4
.5 5 0 0 0 0 0 0  
I . 7 1 6 3 4 1 4 E —02 
4 . 8 1 2 5 2 7 7  
•20779101
.5 3 0 0 0 0 0 0  
1 . 8 4 6 0 2 7 1 E—02 
4 .5 0 7 8 4 9 3  
. 2 2 1 8 3 5 2 7
.5 1 0 0 0 0 0 0  
1 . 9694832E —02 
4 .2 2 7 7 3 4 1  
. 2 3 6 5 3 3 3 2
7 . 1 3 7 1 6 7 9
9 . 1 3 4 4 1 88E-02
6 .8 6 7 9 7 6 6
• 14560329
6 .5 5 8 5 9 9 1  
9 .9 3 2 1 9 8 8 E —02 
6 .2 6 5 8 9 7 2
• 15959406
6 .0 4 1 5 1 9 7  
. 1 0 6 7 6 9 7 6  
5 . 7 2 6 8 6 9 3
• 17461547
5 . 5 7 6 6 2 3 8  
. 1 1 3 6 3 8 4 0  
5 . 2 4 1 7 3 1 5
• 19077665
5 . 1 5 6 3 9 3 5
• 1 1994097  
4 .8 0 2 9 2 7 5  
. 2 0 8 2 0 6 3 4
4 . 7 7 4 6 8 8 2
.1 2 5 7 1 5 7 3
4 . 4 0 4 2 0 4 0
.2 2 7 0 5 5 7 8
4 . 4 2 6 4 4 3 6
.1 3 1 0 0 9 2 2
4 .0 4 0 3 5 9 5
.2 4 7 5 0 2 7 2
4 .1 0 7 4 4 4 7
.1 3 5 8 6 8 5 7
3 .7 0 7 0 4 0 1
.2 6 9 7 5 6 9 9
3 .8 1 4 1 5 7 2  
•1 4 0 3 3 8 2 8  
3 . 4 0 0 5 8 0 3  
. 2 9 4 0 6 7 4 5
• 14011159
8 . 1990426E-02  
7 .9 8 1 0 1 1 0  
. 1 2 5 2 9 7 4 0
.1 5 2 4 7 1 5 8  
8 . 3 5 1 1 5 2 1 E—02 
7 . 4 1 0 2 3 3 8  
. 1 3 4 9 4 8 5 0
• 16552126
8 . 5 0 4 6 4 4 9E—02 
6 .9 0 0 9 4 5 1
• 14490768
.1 7 9 3 1 9 9 6  
8 . 6560353E—02 
6 . 4 4 3 6 6 4 8  
.1 5 5 1 9 1 1 8
• 19393399  
8 .8 0 3 2 5 0 4 E —02 
6 .0 3 0 7 7 6 4  
. 1 6 5 8 1 6 1 2
.2 0 9 4 3 7 7 5  
8 . 9 4 5 1 1 12E-02  
5 .6 5 6 0 8 8 1
• 17680064
.2 2 5 9 1 4 9 9
9 .0 8 1 0 0 8 0 E -0 2
5 . 3 1 4 5 1 3 5
.1 8 8 1 6 3 9 7
.2 4 3 4 6 0 3 6  
9 . 2 1 06937E—02 
5 .0 0 1 8 3 3 4
• 19992669
•26218111  
9 .3 3 4 1 4 9 8 E - 0 2  
4 . 7 1 4 5 2 0 0  
.2 1 2 1 1 0 6 7
.28633971
6 .2 9 3 3 2 4 6
.1 5 8 8 9 8 5 2
.2 8 8 9 8 3 6 2  
5 . 7 0 6 9 6 4 4  
• 17522450
.2 9 1 6 2 7 2 3  
5 .  1820943  
.1 9 2 9 7 2 1 7
.29421141  
4 .7 0 9 5 8 2 8  
. 2 1 2 3 3 3 0 3
.2 9 6 7 0 2 7 3  
4 . 2 8 2 0 1 0 6  
. 2 3 3 5 3 5 1 5
.2 9 9 0 8 3 8 0
3 .8 9 3 2 8 8 3
. 2 5 6 8 5 2 2 8
.3 0134711  
3 . 5 3 8 3 7 3 7  
. 28261571
•3 0 3 4 9 1 2 6  
3 .2 1 3 0 5 6 0  
.3 1 1 2 3 0 1 8
.3 0 5 5 1 8 4 3  
2 .9 1 3 7 9 4 4  
.34 319511
TABLE VII (continued)
•4 9 0 0 0 0 0 0
2 .0 8 6 8 3 4 9 E - 0 2
3 . 9 6 9 3 1 3 2
. 2 5 1 9 3 2 7 5
.4 7 0 0 0 0 0 0  
2 . 1 982935E—02 
3 . 7 3 0 1 5 1 5  
. 2 6 8 0 8 5 6 2
.4 5 0 0 0 0 0 0  
2 . 3 0 4 1 1 9 1 E—02 
3 .5 0 8 1 6 7 3  
.28 5 0 4 9 1 1
•4 3 0 0 0 0 0 0  
2 . 4045979E—02 
3 . 3 0 1 5 6 9 6  
. 3 0 2 8 8 6 2 3
.4 1 0 0 0 0 0 0  
2 .5 0 0 0 2 3 6 E  — 02 
3 .1 0 8 8 0 9 1
• 32166658
.3 9 0 0 0 0 0 0  
2 . 5906898E —02 
2 . 9 2 8 5 3 8 4  
. 3 4 1 4 6 7 2 6
.3 7 0 0 0 0 0 0  
2 . 6 7 6 8 8 1 7E—02 




2 . 6 0 0 8 9 9 7
.3 8 4 4 8 2 3 3
• 33000000  
2 . 8 3 6 9 2 5 8 E - 0 2  
2 . 4 5 1 5 8 6 9  
. 4 0 7 8 9 9 0 6
3 .5 4 3 5 9 3 1  
. 1 4 4 4 5 8 8 2  
3 . 1 1 7 8 7 3 0  
. 3 2 0 7 3 1 4 7
3 .2 9 3 2 1 0 4
• 14826643  
2 .8 5 6 2 6 9 3  
. 3 5 0 1 0 7 0 4
3 . 0 6 0 8 3 2 6
.1 5 1 7 9 3 2 5
2 . 6 1 3 4 9 7 9
.3 8 2 6 2 8 9 6
2 . 8 4 4 5 8 5 2
• 15506767  
2 .3 8 7 6 0 0 8  
. 4 1 8 8 3 0 4 8
2 .6 4 2 8 4 5 3  
. 1 5 8 1 1 4 6 3  
2 . 1 7 6 8 8 1 5  
. 4 5 9 3 7 2 7 3
2 . 4 5 4 2 0 0 5  
. 1 6 0 9 5 6 2 0  
1 . 9 7 9 8 6 2 6  
. 5 0 5 0 8 5 5 5
2 . 2 7 7 4 1 5 9
• 16361179  
1 .7 9 5 2 5 2 0  
•5 5 7 0 2 4 8 6
2 . 1 1 1 4 0 7 2  
•1 6 6 0 9 8 5 8  
1 .6 2 1 9 1 4 7  
.6 1 6 5 5 5 2 3
1 .9 5 5 2 1 8 5  
. 1 6 8 4 3 1 7 6  
1 .4588501  
. 6 8 5 4 7 1 3 8
.2 8 2 1 9 9 4 4  
9 . 4 5 1 5 0 15E-02  
4 . 4 4 9 5 9 7 9  
. 2 2 4 7 3 9 4 0
.3 0 3 6 5 5 0 5  
9 .5 6 2 9 6 0  IE-02  
4 . 2 0 4 5 4 1 8  
. 2 3 7 8 3 8 0 4
•3 2 6 7 0 8 4 9
9 .6 6 8 7 8 5 7 E -0 2
3 . 9 7 7 1 9 2 5
•2 5 1 4 3 3 6 4
•35154510  
9 .7 6 9 2 6 4 5 E —02 
3 . 7 6 5 6 9 4 3  
. 2 6 5 5 5 5 2 7
.3 7 8 3 8 0 0 7  
9 * 8 6 4 6 9 0 2 E?—02 
3 .5 6 8 4 4 2 1  
. 2 8 0 2 3 4 3 3
.4 0 7 4 6 4 6 7  
9 . 9 5 5 3 5 6 4 E—02 
3 .3 8 4 0 4 1 2  
•2 9 5 5 0 4 6 7
.4 3 9 0 9 4 1 5  
.  10041548  
3 . 2 1 1 2 7 3 0  
•31 1 4 0 2 9 8
•4 7 3 6 1 7 7 8  
. 1 0 1 2 3 5 4 0  
3 .0 4 9 0 6 9 2  
. 3 2 7 9 6 8 9 4
.5 1 1 4 5 1 7 8  
.1 0 2 0 1 5 9 2  
2 .8 9 6 4 8 8 3  
•3 4 5 2 4 5 6 5
•30743294
2 .6 3 7 5 8 8 3
•37 9 1 3 4 2 2
.3 0 9 2 4 0 3 8  
2 .3 8 1 8 7 9 0  
. 4 1 9 8 3 6 6 0
.3 1 0 9 4 6 7 2  
2 .1 4 4 4 7 2 7  
•4 6 6 3 1 5 0 9
.3 1 2 5 5 8 2 3  
1 .9234761  
. 5 1 9 8 9 2 0 8
.3 1 4 0 8 1 0 6  
1 .7 1 7 2 4 8 5  
. 5 8 2 3 2 6 9 0
.31552111  
1 .5 2 4 3 5 9 8  
. 6 5 6 0 1 3 1 0
.31688401  
1 .3 4 3 5 5 8 8  
,7 4 4 2 9 1 9 5
.31817511  
1•1737452  
. 8 5 1 9 7 3 6 6
.3 1 9 3 9 9 3 2  
1 .0 1 3 9 4 8 7  
. 9 8 6 2 4 3 1 8
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TABLE VII (continued)
. 3 1 0 0 0 0 0 0  
2 . 9 1 12835E-02  
2 . 3 1 0 8 3 4 6  
.4 3 2 7 4 4 0 8
.2 9 0 0 0 0 0 0  
2 . 9 8 2 1 767E-02  




2* 0 5 22253
.4 8 7 2 7 5 9 3
.2 5 0 0 0 0 0 0  
3 . 1 144167E-02  
1 .9 3 3 1 5 8 6  
. 5 1 7 2 8 8 1 3
.2 3 0 0 0 0 0 0  
3 . 1 7 6 1 510E-02  
1*8202147  
. 5 4 9 3 8 5 7 4
.21000000 
3 . 2 3 5 1 973E—02 
1 .7129331  
. 5 8 3 7 9 3 9 6
.1 9 0 0 0 0 0 0  
3 . 2 9 1 7 1 69E—02 
1 .6 1 0 8 9 8 0  
. 6 2 0 7 7 1 7 6
.1 7 0 0 0 0 0 0  
3* 3458605E—02 
1 .5 1 3 7 3 3 7
• 6 6 061817
.8 0 8 0 0 3 3
17062483
.3 0 5 1 7 2 0
76618254
.6 6 9 0 1 0 2  
17268979  
•1 60 0 9 3 4  
86199955
.5 3 7 5 6 9 0  
17463736  
. 0 2 2 9 1 2 7  
97760053
.4 1 3 0 8 0 7  
17647709  
89300280  
• 1 1 98173
.2 9 5 0 0 7 5  
17821760  
76980030  
. 2 9 9 0 3 8 2
.1 8 2 8 6 6 4  
17986655  
65279970  
. 5 3 1 8 6 3 4
.0 7 6 2 2 1 2  
18143088  
54154440  
^.8 4 6 5 7 0 6
.9 7 4 6 7 7 4 8
.1 8 2 9 1 6 9 4
. 4 3 5 6 2 1 2 6
2 .2 9 5 5 7 2 0
.5 5 3 0 9 6 3 3
• 10275950  
2 .7 5 2 6 9 7 2  
•36328005
.59915751  
. 1 0 3 4 6 8 4 3  
2 .6 1 6 9 5 7 2  
. 3 8 2 1 2 3 1 7
.65037731
• 10414487  
2 .4 8 8 6 0 9 6  
. 4 0 1 8 3 0 8 0
.7 0 7 6 7 3 6 6
.1 0 4 7 9 0 8 3
2 .3 6 7 0 6 6 2
•42 2 4 6 3 8 9
.7 7 2 1 9 6 3 0  
. 1 0 5 4 0 8 1 7  
2 .2 5 1 7 9 8 9  
. 4 4 4 0 8 9 3 9
.84540401  
. 1 0 5 9 9 8 6 3  
2 .1 4 2 3 3 3 8  
. 4 6 6 7 8 0 6 6
.92917701
• 10656383  
2 .0 3 8 2 4 3 2  
•4 9061858
1 .0 2 5 9 8 0 4  
. 1 0 7 1 0 5 2 7  
1 .9 3 9 1 4 0 5  
.5 1 5 6 9 2 3 9
.3 2 0 5 6 1 2 3  
. 8 6 3 3 0 9 4 0  
1 .1 5 6 3 3 3 2
.3 2 1 6 6 5 0 9  
•72106320  
1 .3 8 6 8 4 0 9
.3 2 2 7 1 4 8 5  
•58652840  
1 .7 0 4 9 4 7 2




.3 3 8 2 1 6 1 0
2 .9 5 6 6 8 9 5
.3 2 5 5 7 4 3 0
.2 2 3 3 9 9 0 0
4 . 4 7 6 2 9 5 7
.3 2 6 4 4 1 1 5  
• 11419920  
8 . 7 5 6 6 2 8 7
.3 2 7 2 6 9 4 4  
1 .0 2 1 4 4 4 0 E -0 2  
9 7 .9 0 0 6 1 9
.1 5 0 0 0 0 0 0  
3 . 3977670E—02 
1 .4 2 1 0 9 9 3  
. 7 0 3 6 8 0 5 9
.8 7 7 8 7 7 8 5  
• 18433032  
. 3 3 4 6 5 6 4 0  
2 .9 8 8 1 3 9 4
1 .1 3 9  I 106 
. 1 0 7 6 2 4 3 3  
1 .8 4 4 6 7 5 0  
.54210091
. 3 2 8 0 6 1 4 7  
-8 .8 9 1 9 3 0 0 E -0 2  
>1 1 . 2 4 6 1 5 2
TABLE VII (continued)
.1 3 0 0 0 0 0 0  
3 .4 4 7 5 6 6 0 E - 0 2  
1 .3 3 2 6 8 5 2  
. 7 5 0 3 6 4 7 5
• 1 1000000 
3 .4 9 5 3 7 7 4 E - 0 2  
1 .2 4 8 2 0 9 4  
. 8 0 1 1 4 7 6 2
9 . 0 0 0 0 0 0 0 E - 0 2  
3 .5 4 1 3 1 4 0 E - 0 2  
1 •1674142  
. 8 5 6 5 9 4 0 0
7 . 0000000E-02  
3 . 5 8 5 4 7 9 3E—02 
1 .0 9 0 0 6 4 3  
. 9 1 7 3 7 7 0 7
5 .0 0 0 0 0 0 0 E —02 
3 • 6 2 7 9 7 0 7E—02 
1 .0 1 5 9 4 3 8  
.98 430641
3 .0 0 0 0 0 0 0 E - 0 2  
3 .6 6 8 8 7 8 4 E —02 
. 9 4 4 8 5 4 6 7  
1 .0 5 8 3 6 3 8
1 . 0000000E—02 
3 .7 0 8 2 8 6 5 E - 0 2  
.8 7 6 6 1 4 4 6  
1 •1 4 0 7 5 2 3
. 7 8 5 4 9 7 4 4  
. 18567621  
.2 3 8 3 0 9 6 5  
4 .1 9 6 2 2 1 1
.6 9 7 2 4 0 3 7  
.1 8 6 9 5 9 2 9  
. 1 4 6 2 7 1 3 4  
6 . 8 3 6 6 0 9 2
.6 1 2 8 3 6 6 3  
• 18818379  
5 . 8 2 5 9 0 0 OE— 
1 7 .1 6 4 7 2 9
.5 3 2 0 3 9 2 6  
. 1 8 9 3 5 3 6 2  
- 2 . 5 9 8 5 8 6 0 E - 0 2  
- 3 8 . 4 8 2 4 6 7
.4 5 4 6 2 1 9 6  
.1 9 0 4 7 2 3 2  
- . 1 0 6 6 9 9 9 7  
- 9 . 3 7 2 0 7 3 8
. 3 8 0 3 7 6 9 8
.1 9 1 5 4 3 1 6
- .1 8 4 1 0 0 7 1
- 5 . 4 3 1 8 0 9 5
.3 0 9 1 1 3 2 6  
. 1 9 2 5 6 9 1 2  
- . 2 5 8 3 8 7 9 4  
- 3 . 8 7 0 1 4 9 6
1 .2 7 3 0 7 8 6  
. 1 0 8 1 2 2 3 2  
1 .7 5 4 5 2 8 8  
.5 6 9 9 5 3 5 9
1 .4 3 4 2 2 5 6
• 10860044  
1 .6 6 8 4 1 1 6  
. 5 9 9 3 7 2 4 0
1 .6 3 1 7 5 6 2
• 10905980  
1 .5 8 6 0 5 9 8  
.6 3 0 4 9 3 2 5
1 .8 7 9 5 6 0 5  
. 1 0 9 5 0 1 4 5  
1 .5072311  
•6 6 3 4 6 8 2 6
2 . 1 9 9 6 2 9 7
• 10992637  
1 .4 3 1 7 0 4 0  
. 6 9 8 4 6 8 3 9
2 .6 2 8 9 7 0 8
• 1 1033545  
1 .3 5 9 2 7 5 5  
. 7 3 5 6 8 6 0 3
3 .2 3 5 0 6 0 1
• 1 1072953  
1 .2 8 9 7 5 8 3  
. 7 7 5 3 3 9 0 6
.3 2 8 8 1 9 6 0  
- • 1 8 3 5 3 3 9 2  
- 5 . 4 4 8 5 8 4 1
•32954581  
- . 2 7 3 9 3 1 1 3  
- 3 . 6 5 0 5 5 2 6
•3 3 0 2 4 2 0 3
- . 3 6 0 3 8 6 6 3
- 2 . 7 7 4 7 9 7 7
.3 3 0 9 1 0 0 5
- . 4 4 3 1 5 2 6 6
- 2 . 2 5 6 5 5 8 7
.3 3 1 5 5 1 4 5  
- . 5 2 2 4 6 0 1 6  
- 1 . 9 1 4 0 2 1 5 '
.33216781  
- . 5 9 8 5 2 1 5 6  
- 1 . 6 7 0 7 8 3 5
•3 3 2 7 6 0 4 7  
- . 6 7 1 5 3 1 8 5  
- 1 . 4 8 9 1 3 2 6
-O Exper itnen ta 1 Da ta 
O Least. Squares fit to exptl. Data 
_ • 957. Confidence Limits of Line
x 997, Confidence Limits of Line
□ 957. Confidence Limits of Points
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A comparison of the ratio of the sum of the squares of
the residuals and use of an MF" table show that at 0.05
mole fraction ethyl alcohol the variances are equal at
95% probability while at 0.40 mole fraction ethyl alcohol
the variances are not equal. Thus, constant pressure
operation is adviseable at the higher concentration
ranges. Scatter of data at low concentrations at
either atmospheric or constant pressure is of equal
probability as indicated by the "F" test and experienced
by the operator of the still. There appears to be no
apparent reason for this in lieu of the nature of the
dilute solution. However, reproducibility of data at
atmospheric pressure and at constant pressure is very
good at any concentration range as shown in Table VI.
F. IBM Programs Used to Evaluate Experimental Results, 
Analyze Experimental Data, and Compute Theoretical 
Results
The following IBM programs were used to perform 
many of the experimental calculations and statistical 
analyses of the data. Each program was written for the 
IBM 1620 Computer Fortran language using the Non-Format
system. This was accomplished with cooperation from 
the IBM Computer Laboratory at Louisiana State University 
and faculty members of this laboratory. All such 
programs outlined below are on file and may be obtained 
from the Chemical Engineering Department at Louisiana 
State University upon request. A brief indentification 
of the symbols used in compiling a program immediately 
follows that particular program.
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TABLE IX 
LIST OF IBM PROGRAMS
I. Calculation of Binary Collision Diameters for
vs* Vcij Correlation
II. Calculation of Excess Free Energy and Activity 
Coefficients From Published Information
III. Calculation of Excess Free Energy and Activity 
Coefficients From Raw Experimental Data
IV. Newton's Forward Interpolation Formula for 
Divided Differences
V. Linear Regression Analysis with One Independent 
Variable
VI. Linear Regression Analysis with Two Independent 
Variables and Least Means Square Fit to Data
r\
VII. Power Series Expansion of the form y  = Y  a n 
up to the Ninth Degree *
TABLE X
CALCULATION OF BINARY COLLISION 
DIAMETERS FOR (Tij3 VS. Vcij CORRELATION





READ101*N»P.EI ( I > *TC (I> *VC(I ) * A ( I >





S A B s . 3 * ( S ( K ) + S ( J ) >
SAB3=SAB*SAB*SAB
SAB6*SAB3*SAB3
X N»-240.*A (K )*A (J)*EI (K)*E! ( J ) /  ( SAB6* (E I CO+EI (J )  ) ) 
OMEGA«XN/((TC(K)*TC(J)) * * .5 * 1 .3 8 0 4 4 >
PUNCH*U*K





PEAD102*N.P«EI (1 ) *TC(1> *VC(1 ) *A(1)
4READ103 *N «P*EI(2> .TC{2)«VC(2)»A (2)
X N =-2 40 .*A (1 >*A( 2 )*EI ( 1 )*EI ( 2 ) / ( OMAV*(EI (1 ) + E ! (2 > > > 
SAB6=XN/((TC( 1 >*TC<2>)** .5*1 .3 8 0 4 4 )
SAB3 -SAB6 4 # • 5  
SAB=SAB6**.16666667
EPS»3.2977E-24*0MAV*(TC( 1 > * T C (2 ) )* * .5  
PUNCH»N
PUNCH* SAB * SAB3 » SAB6 *EPS
5 R=SAB+.05
6 RAT 10=SAB/R
T 2 * ( ( RAT IO #*3>**2)
T1*T2*T2
P H I»4 .*E P S*6 .023E 23*(T 1-T 2  )
PUNCH*N*PH!*R 
IF (R -3 .# SA B )7*7*4





CALCULATION OF EXCESS FREE ENERGY AND ACTIVITY 
COEFFICIENTS FROM PUBLISHED INFORMATION
c c
READ.B.C.D.E.F.G  
2 READ.X.Y.T.PI  
T=T+273.16  
C THERMO CALCS.
VP1»EXP< < E -F / (T -G ) )* 2 .3 0 3 >
V P 2*E X P <(B -C /(T -273 .16+D )> *2 .3 0 3 )  
GAM1»Y*PI/(X*VP1)
GAM2®( 1 . - Y ) * P I / ( ( 1 . -X)*VP2)  
XLGM1«L0G(GAM1)/ 2 •303  
XLGM2*L0G(GAM2) / 2 •303  




GEXT*4• 5 7 6 * T * ( X*XLGM1 + C1 . -X >*XLGM2) 
Q«GEXT/<4.576*T>
PUNCH « X « Y ♦GAM 1 »GAM2»Q♦XLGM1 .XLGM2 
PUNCH.GEX1 . GEX2 »GEXT. XL0G1♦XL0G2 




CALCULATION OF EXCESS FREE ENERGY AND ACTIVITY 
COEFFICIENTS FROM RAW EXPERIMENTAL DATA
DIMENSION A(1 0 )












T a T + 2 7 3 ,16
C THERMO CALCS*
VP1»EXP< (E -F / (T -G  ) ) * 2 . 3 0 3 )
V P 2»EX P<(B -C /(T -273 .16+ D>)*2*303)
GAM1*Y*PI/(X*VP1)
GAM2*( 1 , - Y ) * P I / ( ( 1 *-X)*VP2)
XLGM1»LOG( GAM1 ) / 2 * 3 0 3  
XLGM2«L0G( GAM2)/2 *303 
XLOG1*LOG( GAM1)
XL0G2*L0G(GAM2)




PUNCH* X t Y » GAM 1 «GAM2»Q*XLGM1 « XLGM2 
PUNCH,GEX1»GEX2 »GEXT » XL0G1,XL0G2 




NEWTON'S FORWARD INTERPOLATION 
FORMULA FOR DIVIDED DIFFERENCES
DIMENSION XF( 1 0 0 ) » R(100)
1 READ1OO.NINT 
READ10 0 iMINT 
L»MINT 
D03J=1*NINT






4 DO 5 Ia l ,NIN T
I F ( R l - R ( 1 ) > 7 . 5 . 5
5 CONTINUE
7 IF ( RI —R(MINT—2 ) > 7 0 . 7 0 .  300 
300 IF(Rl-R(MINT-1 ) > 6 . 6 . 3 0 2
302 XU=XF(MINT)
XLS XF(MINT —1 >
350 XA* . 5 # (XU+XL)
GO TO 71
308 I F ( ABS( ANS—R I > - . 0 0 0 0 1 > 3 0 4 . 3 0 4 . 3 0 5  









309  IF ( ABS ( ANS—R I > - .0 0 0 0 1  > 3 0 4 0 0 4 . 3 1 0  
310 IF(ANS-RI> 3 0 7 .3 0 7 .3 0 6
71 D1“ (R(L >-R( L - 1 ) ) / ( XF(L ) —XF(L—1 > >
D 2 ° (R(L+1 ) —R(L ) ) / ( XF(L+1 > -X F (L )> 
TM=(XA-XF(L> > * ( (D2-D1 >/(XF(L+l >-XF(L-l  > >) 
ANS=R(L—1 > + (X A -R (L - l>)*(D1+TM>
GO TO ( 3 0 8 . 3 0 9 ) . M
6 1=1-1
70D1* (XF( I )—XF( I- 1 ) > / ( R( I )- R ( I- 1 ) )
D2=(XF(1 + 1 ) —XF( I >) / ( R ( 1 + 1 ) -R (I  > >
TM»(RI-R(I > ) * ( ( 0 2 —D1 ) / ( R( I +1 )—R( I — 1 >))
ANS = X F ( I - l  ) + ( RI —R( I — i > >*(Dl+TM>
304 PUNCH104 « M « RI 
GO TO ( 8 . 9  >.<
8 X*ANS
TABLE XIII (continued)
K = 2 
RI»RY
GO TO (4»40)*M  
9 YsANS





4 0 D0501*1«N INT
I F (R <1>—R I >700*50*50  
700 IFCRI-R(MlNT+1>>72*72*303  
72 IF(RI-R (N1N T-1)>6*6*70  
50CONT1NUE 
GO TO 2 
END
TABLE XIV
LINEAR REGRESSION ANALYSIS 








DO 2 ! = 1 »N 
READ.Y.X 
Y-LOG t Y ) / 2 .3 0 3  





























IF ( SENSE SWITCH 1 >5»3
3 PUNCH. SUMX♦SUMY » SUMX2♦SUMY2. SUMXY 
PUNCH.XAV. YAV « CX2 « CY2. CXY 
PUNCH.B. A. VB.VSX.VSY




4 IF(SENSE SWITCH 2 )  5 « 1
5 PRINT *SUMX. SUMY♦SUMX2♦SUMY2♦SUMXY 
PR INT «XAV « YAV♦CX2 « CY2♦CXY
PRINT «Bt A ♦ VB » VSX « VSY
PRINT «R»S2YR*SB *SX*SY




LINEAR REGRESSION ANALYSIS WITH TWO INDEPENDENT 













004 I = 1« N
















Bl = (CSXIY*CSX2S-CSX2Y*CX1X2 > /<CSXIS*CSX2S-CX1X2*CX1X2)


















PUNCH106# SX1S »SX2S *SYS 
PUNCH!0 7 #SX1Y«SX2Y»SX1X2 
PUNCH108 « CSX1S #CSX2S»CSYS 
PUNCH109#CSX1 Y « CSX2Y♦CX1X2 
PUNCH11 0 «A #B1#82
PUNCH1 1 1 #X1A»X2A#YA 
PUNCH112# SSREG »SSRES # VARES 
PUNCH113 « D »C11 »C22 #CI 2 
PUNCH114#VB1#VB2
7 X“ #95
5 X I*X /< 1 . -X )
X2=X1#X1
VLlNE«VARES*( 1 ./XN+C1 1 * < XI-X 1 A ) * ( X1 -X 1 A ) +C22* ( X2-X2A ) * (X2-X2A ) ) 
VLINE»VLINE+VARES*2• *C1 2 * ( X1- X 1 A) * ( X2-X2A >
SLINE*VL! NE**» 5 
VHATaA+Bl*X1+B2*X2 












PUNCH103 « VLINE » SLINE♦VPTS » SPTS « YUL » YLL« YUPT « YLPT 




IF (SENSE SWITCH 1 )9«2
9 READ115♦T 
PUNCH116 « T 




POWER SERIES EXPANSION OF THE FORM 
y = I  anxn UP TO THE NINTH DEGREE
DIMENSION X<1 0 0 ) « Y ( 100 > »A <1 6 » 1 6 ) *SUMX<31 ) *SUMY<1 5 ) «W<100 > 
1 READ«N«TOL*LAST 
DO 40 I»1»N
I F ( SENSE SWITCH 1 )30»20  
20 READ*X( I ) «Y( I )
GO TO 40 
30 READtX( I ) *Y<I) *W(I)
40 CONTINUE
I F (SENSE SWITCH 1 )70«50  
50 DO 60 I « 1 «N 
60 W<I )*1 •
. 70 SUMXI1 ) » 0 .
SUMX(2 )= 0  *
SUMX( 3 ) = 0 •
SUMY( 1 ) * 0 •
SUMY( 2 ) * 0 •
DO 90 I = 1 «N
SUMX(1 ) = SUMX(1 ) + W CI )
SUMX( 2 ) =SUMX( 2 )+W( I ) *X( I >
SUMX ( 3 ) «SUMX (3 )-fW ( I >*X( I >*X<I >
SUMY( 1 )*SUMY(1 )+W( I ) * Y < I )
90 SUMY ( 2 ) a SUMY ( 2 )+W( I > *X ( I ) *Y C I )
NORD=1
91 IFfSENSE SWITCH 4 )9 2 * 9 3
92 ACCEPT*TOL«LAST
93  L*NORD+l 
KK»L+1
DO 101 I a 1 «L 
DO 100 J*1*L 
IK=J~1+I
100 A ( I ♦J)=SUMX<IK)
101 A <I«KK)=SUMY<I )
DO 140 1 =1*L
A(KK»I ) * - l •
KKK*I+1
DO 110 J*KKK«KK 
110 A<KK«J)=0.
c = i * / A < i « n
DO 120 I I *2 * KK 
DO 120 J«KKK«KK 
120 A ( I ! «J ) « A ( I I • J ) ~ A <1•J)*A< I I « I)«C 
DO 140 I I a 1« L 
DO 140 J*KKK«KK 
140 A( I I « J )=A( I 1 + 1 «J)
SHaO •
TABLE XVI (continued)
DO 160 J*1i N  
SI bO.
S1*S1+A( 1 *KK)
DO 150 1*1* NORD 
150 S1*S1+A( 1+1*KK)*X(J)**l
160 S 2 * S 2 + ( S 1 - Y ( J > ) * ( S 1 - Y ( J ) )
B*N-l_
S 2 = I S 2 / B ) * * . 5  
I F ( SENSE SWITCH 2)163*161
161 I F (NORD—LAST)162 *163*162
162 1F ( S2—T0L)163 * 163 * 171
163 PRINT * Z
PRINT*NORD«TOL*S2»N 
DO 164 1 * 1 »L 
J - I - l
164 PRINT*J. A( I*KK)
1F < SENSE SWITCH 3 )1 6 7 * 1 6 5
165 I F (NORD—LAST)166♦167  * 166
166 IF !S 2 —T0L)167♦167  *171
167 DO 169 1 = 1 *N 
SI =0.
S 1 * A I 1♦KK)
DO 168 J=l*NORD 
1 68 SI*S1+AIJ+l  *KK)*XI I ) * * J  
S 3 = Y ( I ) —S 1
169 PRINT*X(I ) *Y(I )*S1 *S3 
IF(NORD-LAST)170*173*173




SUMX( J + l ) = 0 .
SUMYINORD+1 )= 0 .
DO 172 1*1 «N
SUMXI J ) = SUMXIJ )+X( I ) * * ( J - l  >*W(I )
SUMX(J+l )*SUMX(J+l >+X ( I)**J*WI I )
172 SUMY INORD+1 ) *SUMY(NORD+1 > +YI I )*XI I ) **N0RD*WI I ) 
GO TO 91
173 PAUSE




A. Application of Lennard - Jones Potential to 
Calculate Excess Free Energy
It has been noted that the characteristic interaction
Odistances, lfab and Ifab , were obtained through 
density measurements. The change in density from the 
weighted average calculations of the pure component 
densities to the density of resulting mixture reflected 
the extent of either attraction or repulsion between 
the dissimilar molecules. This reflection was then used 
as a means to evaluate the change in energy which 
occurred upon mixing the pure components. The densities 
of the pure components and the mixtures were obtained 
experimentally by use of a calibrated pyknometer. All 
determinations were made at the boiling point temperature
or when the first bubble of vapor appeared in the
pyknometer. The density at the boiling point was needed
because the experimental excess free energies used for
comparing to the predicted values are referred to the 
boiling temperature of the solution. The densities of
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the solutions over the complete concentration range are
shown in Table XVII . The values reported are the
averaged values of several density determinations, and
no literature information was available for comparison.
In order to test the prediction method outlined .
in Chapter IV, eight systems were chosen that were
thought to represent the physical model. The data are
given in TableXVIII and were obtained from published
information15 . The excess free energies of the
systems were calculated by use of IBM Program No, II
3and from published vapor-liquid equilibrium data.
The predicted and experimental, values are compared in
Table XX and in Figures 27 through 33.
As seen in Table XX , the systems are divided
into two groups according to a coordination number of
z = 1 and z = 8. For most liquids Hildebrand and Scott 
13 indicate that z should range from 8 - 1 0 .  In a
35recent study by Rose , a coordination number of 4
was used in a similar prediction for their systems. 
Although there is much discrepancy and uncertainty in 
the particular values of the coordination number, results 
of this study seem to indicate that z depends largely 
upon the electronic nature of the compound. One would 
expect that a mixture of acetone and chloroform would
TABLE XVII
EXPERIMENTAL DENSITY DATA FOR BINARY SYSTEMS 
AT VARIOUS CONCENTRATIONS AND AT THE BOILING POINT

















0.7212 0.7329 0.74-65 0.8069
1.4132 1.2484 1.0858 0.9147
1.5051 1.2990 1.0828 0.9305
1.5051 1.3700 1.2061 1.0562
0.7600 0.7871 0.8179 0.8414
0.6621 0.6897 0.7058 0.7448
1.5051 1.4305 1.3670 1.2910











PHYSICAL PROPERTIES OF THE PURE COMPONENTS
/
(FORCE CONSTANTS)
<r a e/K 6
oA oA °K Calories
Benzene 5.270 3.29 440 873.9
Chloroform 5.430 3.23 327 649.5
Cyclohexane 6.093 3.18 324 643.5
Acetone 4.90 3.14 392 778.6
Carbon Tetrachloride 5.881 3.43 327 649.5
Methyl Alcohol 3.585 2.52 507 1007
Normal Hexane 5.909 3.68 413 820.3
Carbon Disulfide 4.438 2.88 488 969.3
TABLE XIX
EVALUATION OF FORCE-CONSTANT PARAMETERS, INTERACTION DISTANCES, 
AND POTENTIAL FUNCTIONS AT VARIOUS CONCENTRATIONS
Benzenea - Cyclohexane^ System (E=l)
Fraction Component a 0.25 0.50 0.75
0O.\> , A 5.88 5.68 5.47
6«.b , cal. 701 759 816
© O
ToA  , A 6.1+O 6.47 6.54
. A 7.08 7.00 6.80
& .  -i- -350.6 -376 -369.5
'fo.b , cal. -308.0 -309.2 -322.2
Benzene„ - Carbond Tetrachloride^ System (£=1)
crZv, , a 5.73 5.59 5.42
£<Jo , cal. 707 762 817
C  , A 6.68 6.64 6.62
W b ,  A 6.78 6.70 6.64
fflLb - Cal • -339.5 -350.8 -346.53
-329.8 -340.1 -340.0
Cyclohexane^ - Carbon Tetrachloridek System (2=1)
Fraction Component a 0.25 0.50 0.75
^ b  , A 5.93 5.98 6.02
6o.b , calt 649 647 645
.. * O
, A 6.74 6.61 6.50
fal, A 6.96 7.00 7.16
& b  ■ cal' -324.2 -322.3 -304.7
5\.b , cal' -311.2 -308.0 -293.1
TABLEXIX(Continued)
Benzenea - Normal Hexane-^ System (2 =1)
<£b , A S.75 5.60 5.93
€.«.<> , cal. 8314 896 860
o o, A 7.16 6.98 6.78
, A 7.26 7.19 6.96
l b  , cal. -326.7 -331.8 -332.9
l b  .cal • -310.0 -309.8 -300.2
Carbon Disulfidea - Carbon Tetrachloride^ System (2=8)
Mole Fraction Component a 0.25 0.50 0.75
, * 5.52 5.16 9.79
£ «, t> ( ca.1. 729 810 890
-6 O
. A . 6.58 6.30 6.09
ru ( a 6.50 6.28 6.02
i ; , cl- -2650 -2797 -2661
Ifc ,cal. -2792 -2785 -2705
Acetone a Chloroform^ System (2=8)
S I t , A 5.30 5.16 5.09
dok.b , cal. 682.5 719 796.5
r l  , a 6.92 6.37 6.39
. a 6.90 6.39 6.32
l t , cal- -2395 -2332 -2239
l b  .cal- -2382 -2379 -2269
TABLEXIX(Continued)
Benzenea - Chloroform^ System (Z=8)
Fraction Component a 0.25 0.50 0.75
, A 5.39 5.36 5.31
, cal. 707 762 818
6.90 6.96 6.52
, a 6.36 6.90 6.98
1 1  ,«!■ -2590 -2670 -2723
5 U  .oal' -2635 -2755 -2775
Benzenea - Methanol^ System (z=8)
, A 9.01 9.93 9.85
, cal. 973 939 907
, a 5.93 5.81 6.22
5.59 5.96 6.30
, cal- -2139 -2905 -2527
l ^ Ca1' -1930 -2095 -2323
TABLE XX
COMPARISON OF PREDICTED EXCESS FREE ENERGY WITH 
EXPERIMENTAL EXCESS FREE ENERGY
2 = 1
Benzenea - Cyclohexanejj System
Mole Fraction Component a 0.25 0.50 0.75
A f , cal/mole 42.6 66.8 47.3
A f c , cal/mole 0 0 0




A f , cal/mole 9.7 10.7 6.5
A f c cal/mole 0 0 0
g e cal/mole (expt'l) ' 9.81 10.4 8.5
Cyclohexanea - Carbon Tetrachlorideijj System
A f , cal/mole 13.0 14.3 11.6
Afc , cal/mole 0 0 0
ge ( cal/mole (expt'l) 12.1 18.0 12.1
Benzene a - Normal Hexane^ System
Mole Fraction Component a 0.25 0.50 0.75
A f cal/mole 16.7 27 32.7
A f c cal/mole -6.0 0 -4.8




Carbon Disulfide„ - Carbon a l Tetrachloride^I System
'
<1 cal/mole -92.0 -38.0 -99.0
A l  . cal/mole -50. 9 -58.8 -90.2
g e cal/mole (expt’1) -110 -138 -102
Acetonea - Chloroform^ System
A ?  , cal/mole -37.0 -97.0 -35.0
A  £  , cal/mole -51.0 -55.2 -37.2
ge cal/mole (6-Xpt- 1 ) -100 -190 -100
Benzenea - Chloroform^ System
: Fraction Component a 0.25 0.50 0.7f
A *  . cal/mole -95.0 -85.0 -52.0
A f c , cal/mole -31.2 -21.6 - 27
g e cal/mole (expt'l) -186 ■199.5 80.0
Benzenea - Methyl Alcohol^System
A f  , cal/mole 209 360 209
A ? c , cal/mole - 6.0 - 6.6 - 6.0
g e / cal/mole (expt'1) 231 318 292
TABLE XXI
EXCESS ENTROPY AND.ENTROPY OF MIXING RESULTS 
Mole Fraction Component a
p  _
Benzene a - S , cal/mole, K
Cyclohexanejj S , cal/mole
Acetonea - sjjj
Chloroform^ S






Methyl Alcohol*. „ i>sM
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3— —  Experimental Data 
O Predicted Values
x, MOLE FRACTION CYCLOHEXANR
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—  Experimental Data 
O Predicted Values
0.60.2 0,4 0.8 1.00
x, MOLE FRACTION RKNZENE
EXCESS FREE ENERGY VS. 







>: , MO 1.0 F ! ;A C T T O K  AO' .TONK
EXCESS FREE ENERGY VS. 
MOLE FRACTION sCETONE 






—  Experimental Data 
O Predicted Values
x, MOLE FRACTION BENZENE
EXCESS FREE ENERGY VS.
MOI.E FRACTION BENZENE 





—  Ex p (' r i. m o 111 a 1 D. 11 a 
O Predict t’d Values
s
0.60 0.3 1 . 0
x, MOLE FRACTION C32 
EXCESS FREE ENERGY VS. 
MOLE FRACTION CS?









—  Kxpe ri;nentn I !)a t:a 
O Predicted Values
0.20 0.8 1.0
x., MOl.K FRACTION R'-NZFNF
EXCESS FREK ENERGY VS.
MOT.1-: FRACTION BRNZF.NF. 
F.FN7.F.NR - CHT.OROFORM SYSTEM
FIGURE 33
exhibit more association than a mixture of benzene
and cyclohexane due to the large polarity, possible
hydrogen-bonding, and non-spherical shape of the
molecules. In those systems where the interacting
molecules are almost spherical and very non-polar, a
coordination of z = 1 may suggest that each molecule has
only one nearest-neighbor or that the molecules exist
in solution as double molecules. Although normal hexane
is far from being spherical, it seemed of interest to
attempt extrapolation of the prediction method to a
28somewhat different kind of system. Prigogine 
evaluates z = 8 for the acetone-chloroform system from 
absorption spectrophotographic data and considering.the 
excess entropy of mixing. This coordination number 
was then used for the other three systems of this group 
giving favorable comparison with G*'. The discrepancies 
of the first group of systems are somewhat lower than 
those of the second group, and in fact may be within 
expected experimental error. Agreement between the 
predicted A $ and the excess free energy for both 
groups is in the range of 2 - 20 percent.
For each system, the calculated excess entropy 
of mixing for the "ideal lattice" correction term turned 
out to be a positive value at each concentration as
one would expect. Also, for most of the systems, the
correction term added to A ^  to give a better final
agreement with G®. A zero correction term was found
for those systems which are classified as regular 
13solutions, and consequently, the entropy of
mixing has approximately the Raoult's law value. A 
summary of all calculations are given in Tables XIX, XX 
and XXI and a detailed sample calculation is given in 
the Appendix.
B. Correlation of Binary Collision Diameters with 
Critical Volume
The parameter, SL , of equation (9) , Chapter V,
as a function of polarizability, ionization potential, 
and critical temperatures of the pure components, was 
evaluated for a number of binary systems to determine 
its constancy in value. It was anticipated that SI 
would be a constant, or nearly so, for binary systems 
consisting of small spherical molecules. The constant SI 
was evaluated by the use of published data 
of the pure components as given in Table XXII and 
Table XXIV . Values of A. were obtained by combining 
each compound with each and every other compound of 
Table XXII and thus forming a combination of 55 binary 
systems. The values of SI so obtained are given
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TABLE XXII
PHYSICAL PROPERTIES OF THE PURE COMPONENTS 
(FOR A  CALCULATION)
I Tc Vc oL
/o16ev. °K cc/gw\ole cwv’y
Hydrogen 15.43 33.3 65 79
Carbon Dioxide 13.79 304.2 94 26 .5
Carbon Disulfide 10.08 552.0 170 87 .4
Nitrogen 15.51 126.2 90 17 .6
Oxygen 12.08 154.4 74 16 .0
Carbon Monoxide 14.01 133.0 93 19 .5
Methane 12.99 190.7 99 26 .0
Benzene 9.245 562.6 260 103 .2
Carbon Tetrachloride 11.47 556.4 276 105
Cycohexane 9.88 553.9 309.6 108 .7
Hydrogen Sulfide 10.46 373.6 98 37 .8
TABLE XXIII
COLLISION DIAMETERS FOR BINARY SYSTEMS OF
SMALL SPHERICAL MOLECULES WITH ASSOCIATED Jl PARAMETER
_fL C£b*A oA
Hydrogen - Carbon dioxide 1.2055 3.602 46.738
Hydrogen - Carbon disulfide 1.2799 4.019 64.941
Hydrogen - Nitrogen 1.3825 3.575 45.675
Hydrogen - Oxygen 1.2193 3.456 41.264
Hydrogen - Carbon monoxide 1.3682 3.595 46.474
Hydrogen - Methane 1.3690 3.635 48.047
Hydrogen - Benzene 0.8550 4.374 83.677
Hydrogen - Carbon tetrachloride 0.9249 4.428 86.811
Hydrogen - Cyclohexane 0.7615 4.535 93.249
Hydrogen - Hydrogen sulfide 1.2707 3.629 47.786
Carbon dioxide - Carbon disulfide 0.9839 4.241 76.264
Carbon dioxide - Nitrogen 1.0100 3.796 54.690
Carbon dioxide - Oxygen 0.8863 3.677 49.706
Carbon dioxide - Carbon monoxide 1.0044 3.816 55.590
Carbon dioxide - Methane 1.0111 3.856 57.361
Carbon dioxide - Benzene 
Carbon dioxide - Carbon
0.6757 4.595 97.025
tetrachloride 0.7292 4.649 100.482
Carbon dioxide - Cyclohexane 0.6069 4.576 107.572
Carbon dioxide - Hydrogen sulfide 0.9435 3.850 57.068
Carbon disulfide - Nitrogen 1.106.7 4.213 74.789
Carbon disulfide - Oxygen 0.9714 4.094 68.629
Carbon disulfide - Carbon monoxide 1.1129 4.234 75.898
Carbon disulfide - Methane 1.1338 4.274 78.075
Carbon disulfide - Benzene 
Carbon disulfide - Carbon
0.8555 5.013 125.940
tetrachloride 0.9132 5.066 130.051
Carbon disulfide - Cyclohexane 0.7775 5.173 138.454
Carbon disulfide - Hydrogen sulfide 1.0749 4.267 77.716
Nitrogen - Oxygen 1.0083 3.649 48.598
Nitrogen - Carbon monoxide 1.1457 3.789 54.396
Nitrogen - Methane 1.1501 3.829 56.143
Nitrogen - Benzene 0.7559 4.567 95.292
Nitrogen - Carbon tetrachloride 0.8205 4.622 .98.709
Nitrogen - Cyclohexane 0.6794 4.728 105.715
Nitrogen - Hydrogen sulfide 1.0666 3.823 55.854
TABLE 23 (Continued)
Oxygen - Carbon monoxide 1.0047 3.669 49.430
Oxygen - Methane 1.0114 3.710 51.068
Oxygen - Benzene 0.6580 4.448 88.036
Oxygen - Carbon tetrachloride 0.7036 4.503 91.278
Oxygen - Cyclohexane 0.5858 4.609 97.932
Oxygen - Hydrogen sulfide 0.9509 3.704 50.798
Carbon monoxide - Methane 1.1458 3.849 57.058
Carbon
Carbon
monoxide - Benzene 
monoxide - Carbon
0.7635 4.588 96.594
tetrachloride 0.8246 4.642 100.042
Carbon monoxide - Cyclohexane 0.6857 4.749 107.111
Carbon monoxide - Hydrogen sulfide 1.0684 3.843 56.767
Methane - Benzene 0.7825 4.628 99.149
Methane - Carbon tetrachloride 0.8422 4.682 102.658
Methane - Cyclohexane 0.7031 4.789 109.848
Methane - Hydrogen sulfide 1.0815 3.883 58.563
Benzene - Carbon tetrachloride 0.6793 5.421 159.292
Benzene - Cyclohexane 0.5849 5.528 168.900
Benzene - Hydrogen sulfide 0.7448 4.622 98.728
Carbon
Carbon
tetrachloride - Cyclohexane 
tetrachloride - Hydrogen
0.6274 5.582 173.894
sulfide 0.7923 4.676 102.226
Cyclohexane - Hydrogen sulfide 0.6667 4.783 109.396
XL (average) = 0.9267
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CCyigmole ^  15 GCXfO
Hydrogen 15.43 33.3 65 79
Methane 12.99 190.7 99 26.0
Ethane 11.65 305.4 148 44.7
Propane 11.08 369.9 200 62.9
Normal Butane 10.63 425.2 255 81.2
Normal Hexane 10.43 507.9 368 118
Methyl Alcohol 10.85 513.2 118 32.3
Carbon Disulfide 10.08 552.0 170 87.4
Chloroform CM=t•i—1 i—1 536.6 240 82.3
Carbon Tetrachloride 11.47 556.4 276 105
Cyclohexane 9.88 553.9 309.6 108.7
Benzene 9.245 562.6 260 103.2
TABLE XXV
PREDICTED COLLISION DIAMETERS FOR BINARY SYSTEMS AS
H. jtujnuxxujn ur vuxiurm ^
crib cCwO a Q Vc a.bA AJ cc/mole
Benzene - Methane 4.50 91.11 179.5
Benzene - Ethane 4.70 103.74 204
Benzene - Propane 4.88 115.99 230
Benzene - N-Butane 5.01 126.07 255
Benzene - N-Hexane 5.25 144.73 314
Benzene - Methanol 4.24 76.22 189
Benzene - Carbon tetrachloride 5.15 136.38 268
Benzene - Carbon disulfide 4.95 121.01 215
Benzene - Cyclohexane 5.12 134.18 284.4
Benzene - Chloroform 4.96 121.72 250
Carbon Disulfide Systems
Carbon disulfide - Benzene 4.95 121.01 215
Carbon disulfide - Carbon
tetrachloride 5.05 129.10 223
Carbon disulfide - Acetone 4.62 98.37 191.5
Carbon Tetrachloride Systems
Carbon tetrachloride - Cycohexane 5.23 143.08 292.8
Carbon tetrachloride - Benzene 5.15 136.38 268
Carbon tetrachloride - Carbon
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Table XXIII . The parameter showed slight variation from 
system to system and averaged out to be 0.927. When this 
value for S i . was used, binary collision diameters 
were evaluated for a number of binary systems as shown 
in Tables XXIV, XXV, XXVI and XXVII . The results 
of these calculations are shown in Figures 34 , 35 ,
and 36 where the cube of the collision diameter is 
plotted as a function of the critical volume; Vc«b = 
1/2 ( Vco. + Vcw ). As seen from the plotted results, 
a good correlation was obtained with no significant 
deviation due to the functional group present in the 
compound. Figures 34 , 35 , and 36 indicate
that the observed collision diameters for binary systems 
including one small spherical, (or nearly spherical) 
molecule and one nonspherical molecule decrease very 
quickly as the second component gets more nonspherical. 
Whereas equation (11) of Chapter V indicates a linear
— .  3relationship between v^ab and Vcab > the present 
results also show significant deviation from linearity 
when extrapolation is extended through the collision 
diameters of the small spherical molecules.
C. Test of Thermodynamic Consistency of Data
Plots of the logarithm of the activity coefficient 
versus composition are useful in testing the internal
thermodynamic consistency of a set of data for any
30particular system. Redlich and Kister have
shown that the following arrangement of the Gibbs - Duhem 
equation is useful for testing the reliability of data as 
it is a necessary, but not sufficient, condition for 
thermodynamic consistency for conditions of constant 
temperature and pressure:
Xi a I
J  = O  C D
X, s o
36Thijssen from consideration of equation
(11-30) has shown that for conditions of varying
temperature the exact expression is: 
x, a i x, = i
( _  i n j * ,  +. = o  <z>
\ R T X dX\' J Yl
3 *' = °
However, no values of the integral heats of mixing
for the systems investigated experimentally were available,
and the value of the first term of equation (2) is
usually very small for the type of systems studied here.
Therefore, equation (1) was used as an indication of
the thermodynamic consistency of the results.
Considering equation (1) , a plot of In ( ^ )
versus Xj. may be made and the net area under the curve
determined. This should be zero as a necessary condition 
for thermodynamic consistency. Rearrangement of equation 
(1) shows that: X, si X, s I
/ ClnY,-)cbc, - / (lnYz)ciXv (3)
*'=° X.sO
This indicates that for the plot of the logarithm 
of activity coefficient versus composition, the area 
under the log y ; curve should equal that under the log Yi 
curve. These areas were compared for each system, 
and the average difference was of the order of magnitude 
of from five to ten per cent. Although this does not 
certify that the data were correct, it is an indication 
of the internal consistency of the data.
It is to be expected that the type of systems 
which were investigated should give positive deviations 
from Raoult's law and activity coefficients greater 
than unity. Inspection of the results shows that a few 
of the activity coefficients had calculated values of 
less than unity. These values were considered to be in 
error, since the Gibbs - Duhem equation indicates that 
for one of the log Y  versus x curves to go below the 
x - axis, the other curve should show an inflection point. 
No vapor-liquid equilibrium data were available
in the literature for comparison with the experimental 
results, with the exception of the ethanol - water 
system, which was analyzed to determine experimental error.
Plots of Ge /2.303RT, the Q function, versus 
composition were made for the systems investigated in the 
course of this work and also benzene-acetone and benzene- 
methyl-ethylketone systems for which data have been 
previously published* These plots, grouped according to 
the homologous series are presented in Chapter VI.
Inspection of the Q function versus composition plots
shows that for the series, nearly symmetrical parabolic
shaped curves result. For these systems the maximum
values of the Q function decrease uniformly as the
molecular weight of the ketone increases.
D. Addition of Intermolecular Forces Using Mole - bond 
Fractions to Predict the Experimental Data
An attempt was made to predict GE, the excess free 
energy, for the benzene-ketone systems studied. The 
intermolecular forces involved as outlined in Chapter I 
were evaluated according to the molecular structure of 
the ketone.
In a collision between a small spherical molecule 
and a larger ellipsoidal molecule, the spherical molecule 
would interact mainly with the atoms closest to the point
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of collision. The benzene molecule, being symmetrical, 
spherical, and very small compared to a straight chain 
ketone (about 5 times smaller in major axis) was 
considered to behave as a molecular unit. On the other 
hand, the ketone molecule, being unsymmetrical and 
straight-chained was broken down into C-C, C-H, and C = 0 
groups. The intermolecular interaction was then considered 
to be between these three groups within the ketone and 
molecular benzene. The distribution of these ketone bonds 
around benzene in solution was assumed to be a linear 
function and proportional to the mole-bond fraction; that 
is, weighted according to the number of such bonds in 
the ketone. Furthermore, the interaction energy was 
also weighted according to the number of C-C, C-H, and 
C=0 bonds.
If equation (7) of Chapter I for dispersion forces 
is rewritten in terms of the benzene molecule and bond 
interactions one obtains;
where the subscript i denotes that the summation is 
to be taken over all chemical bonds, and the subscript 
B denotes the benzene molecule. For the three ketone 
bonds, equation (4) becomes;
(4)
Similarly for the dipole-indiced dipole interactions, 
equation (5) , Chapter I is rewritten as;
The dipole-dipole interaction contribution is zero
since the dipole moment of benzene is zero.
In the London treatment, the energy of the principal
transition or, the first ionization potential, was
assumed for calculation purposes to equal the bond
ionization potential. Values of the bond polarizabilities
5have been estimated by Denbigh for the aliphatic
bonds as indicated in Table XXIX . Bond ionization 
potentials and bond dipole moments were obtained from 
published information ^  . See Table XXIX
The collision diameter, Cab , was used as the 
characteristic interaction distance between benzene and 
the particular ketone. This was assumed to account for 
at least some of the repulsive forces that exist. This 
diameter was read from a plot of ^ab3 versus the
(6)
[soa (8) J  Qenxcnt
critical volume, Vĉ y, > of Figure 34.
Equations (5) and (6) add to give the total 
potential energy, , after mixing the two components or
(7)
For the pure components, the potential energy can be 
calculated by evaluating each intermolecular force as:
—  +■ ̂ p ( \ n d . )  4.
where and ̂  (©*•*) are zero for benzene and
= fu..) +  !?<.""» +  '$<.*) 1 (9)
L jKETONt
for the ketone-ketone interaction. The total ’’ideal" 
potential energy can then be expressed as
T t = (10)
where a weighted average is used to take account of the 
composition of the solution. Equation (10) may be 
thought as a defining equation for the ideal solution 
when the components are mixed "ideally" together. The 
difference between equation (10) and (7) should 
represent the deviation from ideality and correspond to 
the excess free energy, or
'A? = Sr * % °  <U >
The calculation procedure was carried out for the 
benzene-ketone systems at a concentration of 0.5 mole
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fraction of each component. A summary of the calculations 
are given in the following Tables: XXVIII, XXX, and XXXI.
A detailed sample calculation is given in the Appendix. 
Since there are more C-H bonds than either C-C or C=0 
bonds, one would expect that the C-H interaction with 
benzene to be the most pronounced. However, even though 
the C-H bond carries the largest mole-bond fraction, it 
does not necessarily have the controlling interaction 
energy. A review of Table XXIX shows that while the C-H 
bond has the largest bond ionization potential, the C=0 
bond has the largest dipole moment and bond polarizability. 
As the size of the ketone molecule gets larger the effect 
of the C=0 group dampens out and the molecule should 
approach that behavior of a saturated normal hydrocarbon.
It should be noted, also, that all calculations were 
made using fundamental physical properties of the pure 
components in solution. This ambitious attempt at 
prediction is to be kept in mind as the ultimate goal in 
vapor-liquid equilibrium research.
TABLE XXVIII
COLLISION DIAMETERS AND CRITICAL VOLUMES FOR 
BENZENE - KETONE SYSTEMS
Vc Vcab <?ab
cc/gtwle cc/gmole A A
Benzene - 260
Acetone 213 236 4.90 118
Benzene —
Methylethylketone 290 275 5.10 132
Benzene -
Methyl normal propyl-
ketone 333 296 5.17 138
Benzene -
Methyl isopropyl -
ketone 339 300 5.19 140
Benzene -
Methyl iso butyl -
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The prediction of vapor-liquid equilibrium non­
idealities was successful within the spherical non-polar 
binary systems studied, but only partially successful 
when applied to different molecular types of systems.
The prediction method is believed to be a possible basis 
for a practical semi-theoretical prediction method of 
broader scope and application.
Although the method is theoretical, its use depends 
on interactions energies and collision diameters of the 
pure components, of which such data are limited at the 
present time.
Further investigation of the use of this model in 
vapor-liquid equilibrium prediction would logically proceed 
along one or both of two paths. First, the method can be 
applied to systems which exhibit much more non-ideality. 
This would result in a severe test of the method after 
interactions energies and collisions diameters were 
determined for such compounds. The second and the more 
important and challenging path is the further investigation
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of the coordination number associated with such organic 
compounds in solution. In this way, a prediction method 
is believed to be possible independent of equilibrium 
determinations. It appears that the most favorable area 
of investigation would be the absorption spectrophotographic 
measurements combined with electronic bond shifts that 
occur in solution.
For the benzene-ketone systems studied experimentally, 
the results indicated that all systems exhibited almost 
the same degree of non-ideality as expressed by the 
activity coefficients. The results also indicated that 
the maximum value of the Q function steadily decreased 
as the molecular weight of the ketone increased. As the 
molecular weight of the ketone increased the hydrocarbon 
characteristics of the compound became more predominate.
It was indicated that with the higher molecular weight 
ketones, the solution would approach ideality or tend to 
approximate the behavior of a saturated hydrocarbon. An 
analytical approach to predict the non-ideal behavior of 
these solutions by calculation of the various intermolecular 
forces involved, also showed that as the ketone molecule 
increased in size, the effect of the functional carbonyl 
group steadily decreased with the behavior of the ketone 
molecule.
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An expression based upon the London potential for 
dispersion forces was used to correlate the characteristic 
collision diameter with an averaged critical volume for 
several systems. The calculated collision diameters 
gradually deviated from linearly with critical volume 
as the second component became more non-spherical. For 
these systems studied, the correlation appears to be 
independent of any functional group mixed with the 
reference component.
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APPENDIX
TABLE XXXII
EQUATIONS FOR CALCULATION OF THE VAPOR PRESSURES OF 
THE PURE COMPONENT AT THE EQUILIBRIUM TEMPERATURE
Equations for benzene and the ketone compounds were taken from
references (18), (32), and (34).
Benzene log1Q P = 6.91210 (5 _ 104 ocj
Acetone log n P =20.7587 - 298--— 12^10 t
- 0.04085 T + 0.0000427 T2 (-70 -66 °C
Methyl- ethyl-ketone
log10 P = 7.764 - (-15 -85 °C)
Methyl-normal-propyl ketone
log10 P = 7.8642 - 1 8 7 8 (17 - 1033 °C)
Methyl-iso-propyl ketone
log10 P = 7.8717 - 183A'i (8 - 88.9 °C)
Methyl-iso-butyl ketone
log10 P = 8.0590 - (-1 -119 °C)
TABLE XXXIII
CALIBRATION DATA FOR THERMOCOUPLES AT 760 mm Hg 
Copper - Constantan Thermopile
(2 thermocouples)
Pure Component n.b.p., °C e.m
2 Methyl Pentane 60.271 4
2,3 Dimethyl Butane 57.988 4
Normal Butyl Benzene 183.270 16
Isopropyl Benzene 152.392 13









Values for the normal boiling points were taken from literature 
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TABLE XXXIV
REFRACTIVE INDEX VERSUS COMPOSITION DATA 














































REFRACTIVE INDEX VERSUS COMPOSITION DATA
METHYL ISO PROPYL KETONE - BENZENE SYSTEM
























REFRACTIVE INDEX VERSUS COMPOSITION DATA 
METHYL ISO BUTYL KETONE - BENZENE SYSTEM 























REFRACTIVE INDEX VERSUS COMPOSITION DATA 
ETHYL ALCOHOL - WATER SYSTEM
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